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HUGNG DAN SU DUNG SACH

Mdi bai hoc trong sach Tedn 11 thudng <6 cac phan nhu sau:

O,

Hoat d6ng khdi déng

Hoat ddng kham pha

£
Kién thiic trong tdm

[

Thuc hanh

&)

e

Vén dung

Ggi md, két ndi ngudi hoc vao chil dé bai hoc.

Goi y dé ngudi hoc tim ra kién thdc mdi.

N&i dung ki&n thiic cén linh hoi.

Céc bai tap cd ban theo y&u cdu cén dat.

Ung dung kién thic dé gidi quyét van dé.

Hiay bio quan, gift gin sich gido khoa dé danh ting céc em hoc sinh 16p sau!



Loi noi dau

Céc ban hoc sinh, quy théy, c6 giso thin mén!

Sach Todn II thudc b sich gido khoa Chin tréi sdng tgo dugce bién soan theo Chuong trinh
gido duc phd thong nim 2018 cua B6 Gido duc va Dao tao.

Chu tric sdch Todn 11 trge chia thanh hai tip.

Tép mit bao gbm ba phin:

Dai sb va Mot sd yéu td Giai tich gém ba chuong: Ham sé hepng gidc va phwong trinh
heomg gide: Day s6. Cdp 56 cgng. Cdp 56 nhdn; Gidi han. Ham sd lién tuc.

Hinh hoe va Do lirdrng gbm mét chuong: Puwong thdng va mdt phdng. Quan hé song song
trong khing gian.

Théng ké va Xc sufit gdm mét chuong: Cdc s6 dic trung do xu thé trung tém cho méu 56 liéu
ghép nhom.

Piu mdi chrong déu cé néu 18 cic kién thirc co ban s& hoc va cdc véu cdu cin dat cia
chuong, Céc bai hoc déu xfy dyng theo tinh than dinh hudng phit trién niing lyc va thudng
dugc théng nhit theo cic bude: khdi dpng, khdm phé, thic hanh, vén dung. Sich s& tao nén
mot moi truwdng hoc tip va giang day tirong tac tich curc nhim dam béo tinh d& day, d& hoc
ddng thii hd trg c4c phuong phép gidng day higu qua.
N§i dung sach thé hién tinh tich hop, gﬁn bé mén Todn véi cac mbn hoc khidc. Nhitng hoat
dong trai nghiém dugc ting cuéng gitp ngudi hoc ¢6 thém co hdi van dung Toin hoc vao
thyc ti8n, ddng thdi (mg dung cong nghé théng tin vio viéc hoc Toén,

Chiing t6i tin tudng ring v&i céch bién soan ndy, sich gifo khoa Todn 11 & hd trg quy thiy,
cd gido mét cach tich ey va hidu qua trong qua trinh day hoc, ddng thdi ginp céc ban hoc
sinh himg tht hon khi hoc tip bé mén Toan.

R4t mong nhén duge sy gép ¥ clia quy thiy, cé gifo va cic ban hoc sinh @8 sdch dugc ngdy
cang hoan thién hon.

CAC TAC GIA
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Phin DAl SO VA MOT SO YEUTO
GIAI TICH

Lugng gidic 8éng vai trd quan trong trong cudc séing v khoa hoc. Khdi ngudn tif nhu céu tinh toén trong hinh hoc va
thién vin, dén nay luong gisc cd vb s iing dung trong kién tric xay dung, vt li, ki thuit va cong nghé.

Trong chudng ndy, ta sé xdy dung khéi niém géc lugng gide véi s8 do bt ki va gid tri lugng gidc ala chiing, ddng théi
tim hiéu céc cdng thitc Iugng gidc, hdm s& lugng gidc, phuong trinh lugng gidc vd mdt 58 dng dung clia Iiong gide

trong thucté.

Hoc xong chuong nay, ban c6 thé:

- Biéu dién dugc cdc géc Iugng gidc trén duding tron lugng gidc va tinh duge cic gia tri
lugng gidc cha ching.

- Sirdung dugc céc hé thic co ban gila cac gié tri lugng giac, cdng thic cdng, cdng thic
gé6c nhéan ddi, cdng thitc bién ddi tich thanh t8ng va céng thuc bién déi téng thanh
tich dé giéi céc bai toan lugng gidc.

- Gidi quyét dugc mdt s6 van dé thuc tién gan vdi gia tri lugng gidc chia géc lugng giac
va c4c phép bién d8i lugng gisc.

— Nhén biét dugc ham sd chén, ham s& 1, ham s& tudn hoan va cac d&c trung hinh hoc clia
dé thi cta ching.

- Vé dugc dé thi clia cic hdm s8 y = sinx, y = cosx, y = tanx, y = cotx va gidi thich dugc cac
tinh chét co ban clia ching.

- Gidi quyét dugc mét sd van dé thyc tién gan véi ham sé lugng giac.




Bai 1. GAc luong giac

Tit khod: Géc lugng gidc; S5 do géc lugng gidc; Radian; Hé thifc Chasles.

@ Mol hinh dudt ddy thé hién chuyén ddng quay dia mit dlém trén béanh I8l thu tirvi ti A
dén vi i B. Céc chuyén ddng ndy 6 4iém ndo gidng nhau, di€m ndo khdc nhau?

1. Géc lugng giGge

Khéi niém géc¢ lugng gléc

p Mt chiéc bénh 14i tau cb thé quay theo ci hai chidu. Trong
1 Hinh 1 va Hinh 2, liic dAu thanh OM & vi trf OA.

a) Khi quay banh 14i ngwge chiéu kim ddng hé (Hinh 1), cir
mdi gifly, banh l4i quay mét géc 60°. Bing dudi day cho ta
g6c quay o. ciia thanh OM sau £ gidy ké tir lic bit d4u quay.

Thay du ? bing s6 do thich hgp.
Thei gian ¢
: 1 2 3 4 5 6
(gi8y)

Gécquaya | 60° [1200 2 | 2 | 2 | 2

b) Néu bénh 14i dugc quay theo chiéu ngugc lai, nghia 13
quay ciing chidu kim ddng hé (Hinh 2) véi cing téc 49 nhu
trén, ngudi ta ghi —60° dé chi géc ma thanh OM quay duge
sau mdi gidy. Bang duéi ddy cho ta géc quay a cia thanh
OM sau ¢ gidy ké tir lic bét dhu quay. Thay déu ? bing s do
thich hop.

Théi gian ¢
(gidy) Hinh 2
Goécquay a | —60° |—-120°| ? ? ? ?




Khi xét chuyén déng quay ctia mét tia Om quanh gbc O cia né tinh tir 3
vi tri ban d4u Oa theo mét chiéu cd dinh, ngudi ta quy wéc chidu quay

m
ngugc chiéu kim ddng hd 13 chidu dwong va chidu quay ciing chiéu kim \_‘
ddng hd 13 chigu &m.
Mt vong quay theo chidu dwong twrong fmg véi gée quay 360°, mdt vong 5
quay theo chidu 4m twong {mg vdi gbe quay —360°, Hinh3 4
Khi tia Om quay:

e nira vong theo chidu duong thi ta néi Om quay gée % . 360° = 180°;
® % vong theo chiéu dwong thi ta néi Om quay géc % .360° = 60°;

& % vong theo chidu im thi ta n6i Om quay géc % . (-360°) =450,
¥ Cho hai tia Oa, Ob.

o Néu mét tia Om quay quanh géc O ctia né theo médt chidu ¢b dinh bit du tir vi tri tia Oa
vi dimg & vi tri tia Ob thi ta néi tia Om quét mdt gde liepng gidc o6 tia dau Oa, tia cubi OB,
ki higu (Oa, Ob).

e Khi tia Om quay mdt géc o, ta néi sé do cia géc hrgng gide (Oa, Ob) bing o, ki hiéu
sd(Oa, Ob) = a.

Hinh 4

Chd §: Véi hai tia Oa va Ob cho trudce, ¢ vo s6 géc luong gibc tia diu Oa vi tia cudi Ob.
Ta diing chung ki hidu (Oa, Ob) cho tit ca cic goc lrgng gidc ndy.
Vidu 1. X4c dinh 58 do cia cic gbe lugng gidc (Oa, Ob) trong Hinh 5.

b 2 b
b
0 a @ 4 s
O a
c) d)

a) b)

Hinh 5



S6 do ciia géc Irong gidc (Oa, Ob) trong Hinh 5a 14 90°,
S6 do cia gbc hrgng gidc (Oa, Ob) trong Hinh 5b 13 90° + 360° = 450°,
S6 do ctia gbc legng gidc (Oa, Ob) trong Hinh Sc 14 90° + 2 . 360° = 810°.

S6 do clia géc Iwgng gide (Oa, Ob) trong Hinh 5d 13 % . (360°) =-270°.
Nhén xét: S6 do ctia cic goc lrgng gidc cb clng tia diu Oa va tia cubi Ob sai khic nhau
mét bdi nguyén ciia 360°nén c6 cong thirc tdng quét 1i:

sd(Oa, Ob) = o® + k360° (k € Z), thudmg viét 13 (Oa, Ob) = o® + k£ 360°
v&i o® 13 86 do cila mdt géc lugng gide bt ki cb tia ddu Oa va tia cudi Ob. Chéng han,
trong Hinh 5a, (Oa, Ob) = 90° + k 360° (k € Z).

Cho MON = 60°. X4c dinh s8 do cia cic géc lwgng gide duge bidu dién trong Hinh 6
va viét cong thirc tbng quét cia sé do géc hrong gidc (OM, ON).

0 M é
0 M
a) b) c)

Hinh 6

,ﬁ“ Trong céc khoang thoi gian ti 0 gidy dén 2 gid 15 phiit, kim phit quét mdt gée lugng gidc
N1 13 bao nhisu o7

Hé thirc Chasles (Sa-10)

@éﬁ () Cho Hinh 7. b
a) X4c dinh sé do céc géc luong gidc (Oa, Ob), (Ob, Oc) 135°
va (Oa, Oc). 1 W i
b) Nhén xét v& méi lién hé giita ba s6 do géc ndy. a
Hinh 7
Ta thira nhén hé thirc sau vé s6 do clia g6c hrgng gidc, goi 13 k¢ thire Chasles:
0-

¥ Véibatia Oa, Ob va Oc bt ki, ta c6
(Oa, Ob) + (0b, Oc) =(Oa, Oc) + k 360° (k  Z).

déu nhau. Viet céng thirc tng quét sb do ciia goc
lugng giac (Ox, ON) va (Ox, OP).

Hinh 8 9 -



2. Bon vi radian

V& dudng tron tim O ban kinh R bat ki. Ding mét doan
day mém do ban kinh va dénh déu duge mot cung 4B
c6 d6 dai ding bing R (Hinh 9). Po va cho biét 40B

.

¢6 b do bing bao nhidu dd.

Hinh 9

* Trén dudng tron ban kinh R tuy v, gde & tam chin mét cung ¢6 d6 dai dung bing R duge
goi 1a mét goe ¢d 56 do 1 radian (doc 14 1 ra-di-an, viét tit1a 1 rad).

Trén dudng tron ban kinh R, méot goe & tAm cé s6 do o rad B &
thi chin mét cimg 6 46 dbi o RERRRT0) m
Vi gbe bet (180°) chin ntra duong tron voi d6 dai 14 nR, \ )

nén goc bet ¢d s0 do theo don vi radian 1a n. Khi do ta viet
180° = rad.

Hinh 10

Suyra,voin~3,14,taco1°= %rad% 0,0175radvalrad= [@) ~ 57,3° (hay 57°17'45").
i3

Do d6 ta ¢6 cong thite chuyén ddi s6 do gde tir don vi radian sang dd va nguoe lai nhu sau:

180 T

e 2= — rad e ot rtad = [18(}&)

Vidu 2. Dbi cac sb do goc sau day tirradian sang do hodc nguoc lai:

a) —60°; b) 2?7[ rad; ¢) 3 rad.
Gidi
a) —60°= o0 rad = —= rad, b) 8 rad = 2% : By T2
186 3 ) 5 =n
¢)3rad = [3 . @J = [%J ~ 171,89°
s T

@ Hoan thanh bang chuyén doi don vi do clia cac gdc sau day:

S6 dotheo do | ©° 2 45° 1 60° ? 120° ? 150" | 180°

S4 do theo rad ? g rad| ? ? g rad| ? ? rad| 2 7 rad




Cha y:
a) Khi ghi s6 do ctia mdt gée theo don vi radian, ngudi ta thuong bé di chir rad sau s6 do.
Vi du, g rad duoc viét la % 2 rad duge viét 1a 2.
b) Véi don vi radian, cong thite s6 do tbng quat ctia gde luong giéc (Oa, Ob) 1
(Oa, Oby=a+2n ke 7Z),

trong d6 o1 s6 do theo radian ctia mét gée luong giac bt ki ¢d tia dau Oa va tia cudi Ob.
Luu v khéng duoc viét o+ £360° hay &° + k27 (vi khéng cting don vi do).

3. Buwéong tron lwong giac

P

Trong mit phing toa do Oxy, v& dudng tron tAm O ban kinh bang 1 va didm A4(1; 0).

a) Cho diém B(0; 1). S6 do goc luong giac (04, OB) bing bao nhidu radian?

b) Xac dinh cac diém 4’ va B' trén duong tron sao cho cac goc luwgng giac (04, 04",
(OA, OB ¢6 b do 14n luot a1 va —%.

0 |
" Trong mit phang toa do Oxy, cho dudng tron tam O ‘\+
._\A(l' @
va chiu 4m 14 chidu cling chidu kim ddng hé. Pudng tron

bén kinh béng 1. Trén dudng trén nay, chon didm_4(1; 0)
lam gbe, chidu dwong 14 chidu nguge chifu kim déng hd = Jl 2
cting voi gbe va chidu nhu trén duoe goi 14 dweng tron A/ -

liwgng gidc. Hinh 11

YA RW

Cho s6 do gée o bat ki, Trén dudng tron lwong gide, ta xac dinh
duoe duy nhat mét didm A sao cho s6 do gée lwong gide

¥ A
M
(04, OM) bang o (Hinh 12). Khi dé didm M duoc goi 1a f
diém biéu didn clia goc c6 s6 do o trén duong tron luong gidc. Q ’14

Chai y: He truc toa do Oxy chia mit phzzm,g toa dd thanh 111
bén “goe phan tu” ki hidu lan lwot 1a I, 11, 11T va IV nhu
trong Hinh 12. Hinh 12

o

V¥ du 2. Bidu dién trén dirong tron lugng giac cac goc lugng giac ¢d s6 do 1a;

2) 865" b) _;—“

11



Gidi
a) Ta c6 865° = 145° + 2,360°, Viy diém bifu difn géc hrgng gisc cb s6 do 865° 13 didm M
trén phin dudng tron hegng gidc thude gée phin tur thiy IT sao cho AOM = 145° (Hinh 13a).

b) Ta ¢6 ';—" =" +(-1).2x. Vi dibm bidu didin goc lugmg gik o6 56 do? 12 didm N
trén phin dudng tron legng gide thude gde phin tur thir IV sao cho AON = g (Hinh 13b).

A
I Y I o v I

M \ / \
145°
N 4 A
m v I N IV

RY

8) b)
Hinh 13
7y Bibu diZn trén duémg trén luong gidc céc géc luong gide o6 5 do li:
a) —1485°; b) lng'

1. D4i 86 do ciia cac gbc sau diy sang radian:

a) 38°; b) -115° c) (EJ e
T
2. Déi 56 do clia céc gbe sau diy sang d§:
T 137
— b) -5; e
D12 ) 9%
3. Bidu difn céc gbc lugng gidc sau trén dudng tron lugng gisc:
-17x% 13n
a : b) —; c) —765°.
) )= )
4. Géc Tugng gisc ¥ c6 cing diém bidu didn trén dudng tron i
lvong gidc véi goc lwgng gidc nao sau diy? 120°

3_1t_ ].O_ﬂ 257 [ 750 A}i
T 7T T
5. Viét cong thirc s6 do tdng quit ciia cic géc lwong gide (04, OM) N

va (OA, ON) trong Hinh 14,

6. Trong Hinh 15, mim bénh xe 6 16 dugc chia thanh nim phin
béing nhau. Viét cong thirc s8 do tdng quét ciia goc hrong giac
(Ox, ON).

. on



7. Trén dudng tron lugng giac, hiy bicu didn cac gde hwong giac ¢d
sd do ¢o dang la:

a)ngk*n(keZ); b)k% (ke 7).

8. Vi tri cac diém B, C, D trén canh quat ddng co may bay trong
Hinh 16 ¢o thé duge bicu dién cho cac goe lwgng gide nao sau day?
B i k=T e Ty TR Bt B o ey
2 3 6 3 2 3
9, Hai 1i 14 mot don vi chiéu dai héng hai, duoc tinh bang dé dai mot
cung chin mét goc o = [%J ctia dwong kinh tuyén (Hinh 17).

Péi $6 do o sang radian va cho biét 1 hai li bing khoéng bao nhiéu
kildmét, biét ban kinh trung binh ctia Trai Pat 1a 6 371 km.
Lam tron két qua dén hang phan trim.

Bai 2. Gia tri luong giac
cua mot goc luong giac

Tir khod: Gid trilugng gidc; Géc ddi nhau; Géc hon kém nhau &; Géc bl nhau; Géc phu nhau.

%‘a.?) Hinh bén biéu dién xich du /A ¢6 d6 dai 2 m dao déng
guanh truc /0 vudng géc véi truc Ox trén mat dat
va A'la hinh chiéu cha Alén Ox.Toa dé s cla A' trén
truc Ox dugc goi la li d6 cla A va (10, 14) = o dugc
goi la li d6 géc ca A. Lam cich nao dé tinh li db
dua vao li d6 goc?

1. Gia tri lwgng gidc clia géc lwgng gide

' N A
Q Trong Hinh 1, A/ va Nlan ot la cac diém bibu didn M
B T y : N

clia cac goc lugng giac ?ﬂ va Tﬂ trén duong tron ! e
. =i

lrrong giac. Xac dinh toa do cia M va N trong hé truc ! \3 — Ao

toa d6 Oxy. o Ti .

|
TN

Hinh 1 13 -



* Trén duong tron hrong giac, goi M 14 diém bidu didn
gbe luong gidc ¢6 s6 do o Khi do:

yll

* Tung do y,,cia M got la sin cua o, ki higu sina.
* Hoanh d0 x,,ctia M goi la edsin cua o, ki hi¢u cos .

& ) et 1oL S .
* Néu x,, = 0 thi ti s0 Yo go1 la tang cla o, Ko }\ »

_ X, COSQ ! o X
ki hiéu tan c. i

T Vs

e seen SR N COSCL SRR A -

* Neuy,,# 0 thi ti so0 - =—" goi la cdtang ctia o,
Ve SING

ki hiéu cota. Hinh 2

Cac gia tr] sino, cos o, tana va coto duge go1 la ede
gid i luong gide ctia goc lwong gide o.

Chay:

a) Ta goi1 truc hoanh la truc cdsin, con truc tung la truc sin.

True 4s ¢6 goe & didm A(1; 0) va song song voi true sin (Hinh 3a) goi 14 truc tang.
Néu duong thing OM cit true tang thi tung d6 etia giao diém do chinh 14 tan o.

Truc Bf ¢ gbe & didm B(0; 1) va song song véi truc ¢dsin (Hinh 3b) goi 14 truc cdtang.
Néu dudng thing OM cit true ¢dtang thi hoanh dé etia giao diém dé chinh 14 cota.

34 AS y A

~Y

3 3
-t "

Hinh 3
b) sina va cos o xac dinh véi mo1 o € R;

tanocolﬁxécdinhvé‘icécgéoa#%+k11(ke AR

coto, chi xac dinh voi cac goc o £ kn (k € Z).

¢) Voi mai gée luong giac o va s6 nguyén £, ta ¢d
sin{o + k271) = sina,; tan (o0 + An) = tan o}
cos (o0 + k2m) = cos o] cot{o + &m) = cotar.

14



d) Ta 4% biét bang gié tri lugng gidc cla mot sb goc o dic bist véi 0 < a < g
(hay 0° £ o < 90°) nhu sau:

1ol 2| 52| = | =
6 4 3 2
Gid trj
wonggiser| (0°) | (30%) | (45°) | (60°) | (90°)
sina. 0 1 ﬂ ﬁ |
2 2 2
cosa 1 ﬁ ﬂ l 0 *
2 2 2
o | 0 | = | 1 | B | |
3
1
t 1 —— 0 Hinh 4
cota I NE) B

Sir dyng béng trén va Hinh 4, ta c6 thé xdc dinh duge gid tri hrong gidc ciia mét sb goc
diic bift khic.

Vidu 1. Tinh céc gia tri legng gidc cia cic goc:

130

a) —~. b) —45°,
) = )
Gigi
137 = 13 . A3 13n n 1
Vi—=— +4nnén: — =sin—=—; COS—— =COS— =—
AL 1 ki ‘T €11 Sl 3 3 2
sinB—n cosls—n
2B 3 _fF oot B3 =§.
3 13n 3 . 13x 3
COST sin—

b) Vi diém bidu dién ciia goc —45° va gbc 45° trén dudng trdn lugng gidc d6i ximg nhay
qua tryc hoanh (Hinh 4), nén chiing c6 cing hoanh d9 va tung 48 d6i nhau. Do d6 ta c6:

gin (—45°) = —sin 45° = %; cos (—45°) = cos 45° = g;
tan (459 = SBE) _ . cot (457 = S8E45) _
008 (—45°) ’ sin (—45°)

Tinh sin [—?) via tan 495°,



2. Tinh gia tri lrgng gidc clia mét géc bdng mdy tinh cdm tay

Ta ¢6 thé tinh gia tri luong giac cia mét gde long giac bat ki bing may tinh cam tay. Luu y

triede khi tinh, can chon don vi do goc nhir sau:

— Lan lugt 4n cac phim (SHFT), MEW) va (2] d& man hinh hién
1én bang lra chon don vi do goc.

— Tiép tuc an phim (1] d& chon don vi d6 (Degree) hoic
phim (2] @& chon don vi radian.

— An céac phim MENJ (1] d& vao ché d6 tinh toan.

1 :Degree
2:Radian
J:Gradian

Vi du 2. Stt dung may tinh cam tay d& tinh sin (—45°) va oot%.

Gidi
Chon don vi do goc 1a dd. An lién tiép cac phim
(sin) (&) (4] =
2

ta dirge sin (—45°) = — -

TTn nhir sau;

% s LS ;
bé tinh cot —ﬂ, ta tinh
3 tan—

Chon don vi do géc 1a radian. An lién tiép che phim

(] (=) fran) (] (3] () (109 () (2] (3] & ) =)
lln 3

ta duge cot—=——.
3 3

]
sin{-45>
A2
2
vi* [ A
1
11xm
tan[—3 ] _1"?

; P . -19
i» St dung may tinh cam tay de tinh cos 75° va tan[ ° . ]

3. Hé thirc co bdan gilra cdce gia tri lwgng gide cia mét géc lwgng giae

a) Trong Hinh 5, Af 13 diém bidu dién ctia gée luong
giac o trén duong tron lugng giac. Giai thich vi sao
sin‘o+ cos’o = 1.

b) Khi cos o # 0, chia ¢& hai v& ctia bidu thiie & cAu a)
cho cos’o ta duge dang thite nao?
¢) Khi sina # 0, chia ¢i hai vé ctia bidu thite & ciu a)
cho sin’o. ta duge dang thite nao?

yll
Kfp---HM

(&4
7] A Y
Hinh 5



Ta ¢6 cac hé thirc sau lién hé gifta cac gia tri lugng giac clia cung mot gdc lwong giac o

lan
=
* sin‘o + cosla =1

o 1 +tan‘o = -

.. b
viioz —+kn,keZ ¢1+cotto=
CcoS” o 7

sin’ o

s tano.coton =1 Vc’)‘iaik%, kelZ

voiazkn, ke Z

Vidu 3. Chocoso = % Vol —% < ¢ < 0. Tinh cac gia tr lwong giac con lai cia goc o.

Gidi
) 7
Ta ¢cdsin‘o. =1 — coslo = s

J7 J7

Do do sina = _T hoéc sino = T

Vi —g < o < 0 nén diém biu dién ctia géc o trén
duong tron lwong giae thude goée phan tr thi IV
(Hinh 6), do d6 sina. < 0.

J7

Suy ra sing, = ———.

Sin o \ﬁ 1 __ﬁ

Do doé tana = e o ety —
CcOSCL 3 tana o

@é Chotana = %Vé‘i <= 37“ Tinh cos o va sino.

4. Gia tri lwong gidc cha cdc géce lwong gide cé lién quan dac biét

v A
II I
ZAV N
______ M
111 v
Hinh 6

T[ W e - 2 oo T[ ~ % %
Cho a = 5 Biéu dién cac gde lwong gide —o, o0 + M, T — q, 5 o trén dudong tron

lirong giac va rut ra mo1 lien he gifta gia tn luong giac cla cac goc nay vol gia tri

lrong giac cia goc .
Hai géc ddi nhau: a va -a
Cée didm bidu dién ctia hai gée o va —o d6i xig qua truc Ox
(Hinh 7), nén ta co:

W S0 =simo
COs (—0L) = cos oL
tan(—o) = —tano
cot(—a) = —cota

¥ A
______ 1
o | -
O L : X
1
______ N
Hinh 7



Hai géchonkémnhaum:avao + =
Céc didm bidu didn cta hai gde o va o + 1 ddi ximg nhau
qua gbc toa dd O (Hinh 8), nén ta ¢o;

0-

sin{o. + 1) = —sino !
cos(oL+ M) =—cosaL N
tan{c + 1) = tano
cot{o. + m) = cotor

Hinh 8
Hai gécbunhau:avan - o y
Céc didm bidu dién cta hai gde o va © — o ddi xumg nhau 4
qua truc Oy (Hinh 9), nén ta co: i SN M
0: D
¥ sinn-a)=sina ' 0 x
cos (M — o) =—cos o
tan (n — o) = —tan o
cot (m—a)=—cot o
Hinh 9

T
Hai goc phunhau: o va E =0
Cac diém biéu dién ctia hai géc o va % — o d6i xtmg nhau

qua duong phan giac d cia goc xOy (Hinh 10), nén ta co:

: i i :
S111 [E—C(.] =CO5 O COSs [E—C(,] = 5111 O

tan [%—a] =cot o cot [%—a] =fan o

Vi du 4. a) Bidu dién sin% qua gia tri luong giac clia gée ¢b sb do tir 0 dén E :
b) Bidu dién tan258° qua gia trj lrong gide ctia gde o so do tir 0° dén 45°,
Gidi

. 6lm . [ 311] . [ 311] . 3m ['n 311] m
d) B sn) S (e o0 (el 0] s e
8 8 8 8 2 B 8

b) tan258° = tan (180° + 78" ) = tan 78" = tan 90" ~12° ) = cot12°.



@ﬁ a) Bidu didn cos 638° qua gi4 trj luong gide ctia gde ¢d s6 do tir 0° dén 45°.

b) Bieu dién cot% qua gia trj lwong giac cta goc ¢d s6 do tir 0 dén %

#%) Trong Hinh 11,vi tri cabinma Binhva Cuong 1 _________

ngdi trén vong quay duoe danh dau véi diém

BvacC R=10m

a) Cliing minh ring chiéu cao tit didm B dén
mit dat bang (13 + 10sine) mét véi o 14 s6 do
ctia mdt goe luong giac tia dau O4, tia cudi OB. . _
Tinh d6 cao cta diém B so voi mit dat khi AT ) Z e
o =—-30°

b) Khi diém B cach mat dit 4 m thi didm C W ‘\ \
cach mit d4t bao nhiu mét? Lam tron két qué Hi---Y—-___ Y.
R % = Mt dat
dén hang phan tram.
Hinh 171
BAITAP
1. Cac ding thire sau ¢o thé déng thoi xay ra khéng?
a) sjncxzévécoscx:—i; b)Si]’lC(.:lVéCOtC(.:l; c)tancc:?avécotcx:l.
5 5 3 2 3
5 :
2. Chocosa, = BT Tinh sm(—%—a] —cos(13m + o).
3. Tinh céc gia tri luong giae clia gde o, néu;
; 5 W1 p. A
a) sing, = — va — < o, <1, b)cosa=—va0° < <90%
13 8 2 8
o)tan(x:aﬁvéﬂ<cx<37n; d)ootm:—%vé270°<0t<360°.

. Biu dién cac gia trj luong gidc sau qua céc gia tri luwong gide ctia gde ¢d s6 do tir 0 dén T

!

hoic tir 0° dén 45° va tinh:

a) cos%; b) sin 12:)7[ j ¢)tan1020°.
. Chirng minh céc déng thitc luong gidc sau:
a) sin‘o — cos*ou=1-—2cos’a, b) tana+cota:_;.
sino cos o

. Riit gon cac bicu thire sau:

1 1
+ i
tano+1 cota +1

b) cos{%—a] —sin(n + o)

@) sin[oa—g}r cos(—ou+6m) — tan (o + 1) cot(3n — o).



7. Thanh OM quay nguoe chidu kim déng hd quanh gbe O ctia nd
trén mét mit phing thing dung va in béng vudng gde xudng
mat dat nhw Hinh 12. Vi tri ban dAu ctia thanh 1 O4. Héi d6 dai

bong O'M cia OM khi thanh quay dwoc 3 % vong la bao nhiéu,

biét d6 dai thanh OM 14 15 em? K&t qua lam tron dén hing
phin muoi.

bong
Hinh 12

8. Khi xe dap di chuyén, van ¥ ctia banh xe quay quarh truc O theo chiéu kim dong ho véi tée dd
gde khéng ddi 14 11 rad/s (Hinh 13). Ban diu van nim & vi tri4. Hoi sau mét phit di chuyén,
khoang cach tir van dén mit dét 14 bao nhidu, biét ban kinh O4 = 58 ecm? Gia st d6 day ctia

16p xe khong dang k&. K&t qua lam tron dén hang phan mudi.

Hinh 13

Bai 3. Cac cong thuc luong giac

Tirkhod: (8ng thidc céng; (8ng thiic géc nhan d6i; (dng thiicbién ddi tdng thanh tich;

(dng thiic bién déi tich thanh téng.

Trong kién tric, cic vom dng was

-
bing da thudng 6 hinh nia 238
duding tron dé c6 thé chiu luc = £
tét. Trong hinh bén, vom cbng
dugc ghép béi sau phién da hai
hén tao thanh cac cung AB, BC(,
(D, EF, FG, GH bang nhau va mét
phién da chdt & dinh. Néu biét
chiéu réng cdng va khodng cach
tir diém B dén dudng kinh AH,
lam th& naoe dé tinh dugckhodng
cach tir diém C dén AH?




1. Céng thirc céng
g "*15 Quan sat Hinh 1. Ttr hai cach tinh tich vo huréng ctia vecto
OM vi ON sau day:

OM . ON = |0 ||ON|cos(O1E, ON ) = cos(OM, ON )
=cos(o— )
W . ﬁ =X, X5t ViVie
hay suy ra cong thire tinh cos (. — [3) theo cac gia tr lugng giac
clia o, va . Tir d6, hily suy ra cong thite cos (o + B) bang cach Hinf 1
thay B bang —p.
T day, khi khéng not gi thém, chi x€t cac goe lugng giac ma tai do cac gia tri lugng giac
duoce da cap co nghia.

Cong thirc cong
® e cos(ot [B)=cosocos P — sinosinf3 * cos(o.— ) = coso.cos B + sinousin
* sin{o, + ) = sinotcos B + cos o sin B * sin{o. — ) = sino.cos 3 — cos o sin 3
tan o+ tan =
°tan(cx+B):—B °tan((x—[3):—tana anp
1—-tanotan B 1+ tan o tan 3

V¥ dy 1. Tinh gia tri ctia 005%.
Gidi

V2 B3

m . o b n . 7n. n 1 +J€
COS — = CO08| —— — |=CO08—COS—+8IN—Sin—=—. _
5 3 4 3 ALk 2 4

@ Tiiih gt Ssadat 'L
1 12 it

2. Coéng thirc géc nhan déi

) Hﬁy flp dUIlg Céﬂg thite Cang cho t['l]fb']’lg ho-p B = vatinh cac g]ém IIIO'I’lg g‘léC cua géC 20

Cong thire tinh cac gia tri lwgng giac clia goc 200 qua cac gia trl lwgng giac cua goc o dugc
g0l la cong thirc géc nhin doi.
® e« cos2o=cos’o —sin‘a = 2cos’e — 1 = 1 — 2sino,
e sin20 = 2 8IN 0L COS O,

e tan 2o = %L?
l1—tan” o

21



Vidy 2. Tinh sin%.

Gidi
Ta co —2:cosE: cos| 2. Z =1-2sin 2. Suy ra sin’ E:&.
2 4 8 8 8 4
Vio<ZeZ nansinZ >0, Suy ra sinizz;ﬁ.
8 2 8 2
Gi' Tinh cos © va tan .
3. Céng thire bién déi tich thanh téng
;3 Tir cOng thire cong, hiy tinh tong va hidu cia:
a) cos (o — B) va cos (o + PB); b) sin{o. — B) va sin(o. + B).

Tir cong thite cong, ta suy ra duge cong thire bién doi tich thanh téng sau day:

0
= |
* COSOLCOS 3= 3

[cos(o —B) + cos(ar+ B)]
¢ sino,sinf3 = %[cos(a — B) —cos(o + B)]

* sinocosB = % [sin{c. — B) + sin(a + B)]

Vi du 3. Tinh gid tri el bidu thite oosllﬂ cos%.

Gidi

llm n 1 llm 7m llm 7m 1 m 3n 1
COS—— COS— = —| €0§| —— — |+Cc08| —+— | |=—| cOsS—+cCcos— |=—.
12 12 2 12 12 12 12 2 3 2 4

% Tinh gia trj ctia bieu thirc sin - 0055—’JT va sin7—nsin5—ﬂ.
: 24 24 8 8

4. Céng thuire bién dai téng thanh tich

=}

() A dung cdg thiro bién ddi tch thinh g cho hai géo luong gide = “7”3 = “T‘B
ta dugce cac dang thite nao?

m



Céc cdng thire dudi day duoge goi 1a cong thive bién doi tong thanh tich.

0

= _ =
* COsSOLt+ Cosf3= 2005(1;[3005&2 B . cosa—cosB:—Qsina—JrBsinaTB
e sino, + sinB:ZSinc('JrBoa:)sm_B * sing —sinf3 = 2005a+Bsina_B
2 2 2 2
Vi dy4, Tinh sin>" +sin L.
12 12
Gidi
smon snm
sinj—nJrsinl: 2sind2 12 o512 12 - 25in£oos£=2.£.—3:—6.
2 2 4 6 2 i 2

Tinh (:037—’JT + 0051.
- 1.2 12,

ﬁfyr Trong bai toan khdi dong, cho biét vom cdng rong 120 em va khoang cach tir B dén

" duong kinh AH 14 27 em. Tinh sin o va cos o, tir d6 tinh khoang cach tir didém C dén

duong kinh 4H. Lam tron két qua dén hang phan muoi.

BAITAP

1. Khéng dung may tinh cam tay, tinh cac gia tri luong gide clia cac goe:

5
a) —; b) —555°.
) T )

2. Tinh sin| o+ 2 , CO8 T _a biétsina:—ivéﬂ<a<3—ﬂ.
6 4 13 2



3. Tinh céc gia tri lgng gidc ciia géc 2a, biét:
a)sina = —3v§10<a<E; b)sin2=ivi‘n<a<2‘n:.
3 2 2 4

4. Rut gon céc biéu thire sau:

a)ﬁsin(cﬁ%] —Ccos a, b) (cos o + sin «)® — sin 2a.
5. Tinh c4c gié trj lugng gidc ciia gée a, biét:
a)cosZa=gva—E<a<O; l:v)si112n::t.=—E va E<a<3—n.
5 2 9 2 4

6. Chimg minh ring trong tam gifc ABC, ta ¢6 sin4 = sinBcosC + sinCcosB.

7. Trong Hinh 3, tam giic ABC vuong tai B vi co hai canh A

géc vudng 13 AB = 4, BC = 3. V& diém D niim trén tia 3
dbi cua tia CB thoa mén CAD =30°, Tinh tan BAD, tr 4
d6 tinh 46 dai canh CD.
DA C D

Hinh3
8. Trong Hinh 4, pit-tong M cia d6ng co chuyén d6ng tinh tién qua lai doc theo xi-lanh lam quay
truc khuju 74. Ban dau 7, 4, M thing hang, Cho a 13 géc quay cua tryc khuyu, O 13 vi trf cla
pit-tong khi o = g v2 H 13 hinh chiéu ciia 4 Ién Ix. Tryc khuyu Z4 réit ngén so véi d6 dai

thanh truyén AM nén cé thé xem nhu 4 dii MH khong d6i va gin bing MA.
a) Biét 14 = 8 cm, viét cong thirc tinh toa d x,, ciia diém M trén truc Ox theo o.

b) Ban diu o = 0. Sau 1 phiit chuyén d6ng, x,,=—3 cm. X4c dinh x,,sau 2 phiit chuyén dong.
Lam tron két qua dén hang phin mudi.

J

Q
.

Truc khuyu I4 pit-tbng M
Hinh 4

9. Trong Hinh 5, ba diém M, N, P nim & d4u cc canh quat ciia tua-bin gié. Biét céc cénh quat
dai 31 m, @6 cao cia diém M so véi mit dit 13 30 m, gbe giita cic cénh quat 13 ZTE va sb do
géc (04, 0M)1a a.

a) Tinh sin o va cos «.

O



b) Tinh sin ctia cac gée luong giac (04, ON) va (04, OP), tir @6 tinh chidu cao ctia cac diém
Nva P so voi mat dat (theo don vi mét). Lam tron két qua dén hang phan trim.

Bai 4. Ham sé luong giac va do thi

Tir khod: Ham sé chan; Ham s6 1&; Ham s6 tudn hoan; Ham sé sin; Ham s cdsin;
Ham s6 tang; Ham sé cétang.

Vi sao mat cat ciia séng nudc trén mathd dugc goi la ¢é dang hinh sin?

1. Ham sé lwong giac

s ‘1) Cho b thue 7va M 1a diém bidu difn ciia gée luong gidc 3’1“

¢O s0 do ¢ rad trén duwong tron lwong giac. St dung . A

dinh nghia ctia cac gia tri lugng giac, hiy giai thich L8 i :

vi sao xac dinh duy nhat: 4
ce L . -1 1

a) Gia tr1 sinf va cos £, Y
s % n 3

b) Gia tri tan# (néu ¢ # 5+k‘n,ke Z)yvacott =

(méut=km, ke Z). Hinh 1



"% Ham 58 sin 13 quy tic d3t trong tmg mdi s6 thyre x voi sb thyre sinx, ki hiéu y = sinx.
Ham s6 césin 11 quy tic djit trong tmg mdi s8 thyre x vdi sb thyre cosx, ki hidu y = cosx.
Ham s6 tang 13 ham s6 duoc xdc dinh boi cdng thirc

sinx .

y=2% v6ix# * +kn (k € Z), ki hiéu y = tanx.
cos x 2

Ham s6 cétang 13 him sb duoc xé4c dinh béi céng thirc
COs X

—— vOix #kn (k € Z), ki hiéu y =cotx.
sinx

Nhr viy:
— Tép xéc dinh cfia him s6 y =sinx va y=cosx A R.
_ T4p x4c dinh cia him s6 y = tanx A D =R \ {g+k1t|keZ}.
— Téap xéc dinh ciia ham s6 y=cotx A D =R\ {kn|k € Z}.
2. Ham s8 chén, ham sé &, ham s8 tudn hoan
Ham s6 chén, ham sé 1é

éz Xét hai ham s6 y=2x?, y= 2x va db thj cia chiing trong Hinh 2. Ddi véi mdi trudmg hop,
‘ néu méi lién hé cta gia trj ham 6 tai 1 va —1, 2 va —2. Nhiin xét vé& tinh d6i ximg ctia
X gl g .4
moi d6 thi ham so.
YA

©

I

i

L8]
.
b2

PAf=——— ===

Hinh 2
Him 56 y = x* 1 mét vi dy vé ham sb chin va ham s y = 2x 13 mét vi dy vé& ham s 1¢.
Ta ¢6 djnh nghia sau:

* » Ham sb y = f(x) v&i tip xac dinh D duge goi 13 hdm sé chdn néu véimoix € D
ta céd —x € D va f(—=x) = f(x).

* Ham s6 y = f(x) v&i tip xéc dinh D dugc goi 12 kdm 56 Ié néu véi moix € D taco
—x € Dva f(-—=x) =—f(x).
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Chai y: DO thi ctia ham s6 chin nhan truc tung 1am truc doi xitng.
Do thi ctia ham s6 1€ nhan gbe toa do lam tam dbi xing.
Vi du 1. Xét tinh chin, 18 ctia cac him s6 luong gide y = cosx, y = tanx.
Gidi
a) Ham s6 y = cosx cé tip xédc dinh 14 R. Véi maoi x € Rta ¢d — € R va cos(—x) = cosx.
Do do ham s6 y = cosx 1a ham s chin.

b) Ham s6 y = tanx ¢6 tip xac dinhla R\ {g+kn|ke Z}.

i

Véimoix;thrkﬂ(ke Z)taco—x o ~kn (k< D),

cling ¢6 nghia la —«x # g +kn (ke Z)hay «x € R\ {g+kn|k € Z}
Mt khic tan(—) = —tanx. Do d6 ham sb y = tanx 1& ham s6 1&.
% Ching minh rang ham s6 y = sinx va ham s6 y = cotx 1a cac ham s5 18.
Ham sé tuan hoan

") ~ e ciml : : i 5
Q Hay chi ra moét s6 thye 7 sao cho sin{x + ) = sinx voi moi x € R.

0

®  Hamsd y =f{x) vl tap xac dinh D) dwogc goi la ham §0 tudn hoan néu ton tai mot 0
TkhacOsaochoviimoix e Dtacox+7T e Dvaf(x+T1T)=f(x).

S6 T duong nhéd nhit thod méin cac didu kién trén (néu ¢d) duoc goi 14 chu ki cla
ham sb tuin hoan y = £ (x).

Chui y: D6 thi ctia ham s6 tuan hoan chu ki 7 dwge 1ap lai trén timg doan gia tri ctia x ¢6
dodai T.
Vi du 2. Xét tinh tuan hoan ctia ham s6 y = sin x va ham s6 y = tan x.
Gidi

Tacorsinx=sin{(x+2n) voimoix € R;

. i

tan (x + m) =tanx vol moi x # ) +kn ke Z.
Do do him s6 y = sin x va y = tan x 14 cdc ham 6 tuin hoan.
% Xét tinh tudn hoan ctia ham s6 y = cosx va ham s6 y = cotx.

Chai y: Nguoi ta chnimg minh duge rang:
a) Che ham s6 y = sinx va y = cosx 14 cde ham sd tuAn hoan véi chu ki 27;

b) Céc ham s6 y = tanx va y = cotx 1a cac ham s6 tuin hoan vai chu ki .



3. D& thi clia cde ham sé luwong gide

Ham sd y =sinx

A Hoan thanh bang gia tri sau dy va xac dinh cac diém twong tng trén mit phing toa do.

Sml 2@ m i m i m m 2n | 5n
—— = —=—=1 0 — | — | =

X —T 2| B || =
6 3 2 3 6 6 3 2 3 6

y=sinx | ? ? ? ? ¢ ? ? ¥ ? ? P ? ¥

Bang cach twong tur, 1ay nhidu diém Mx; sin x) voi x € [-n; n] va ndi lai, ta duoe do thi
ctia ham b y = sinx trén doan [~r; 7] nhw phan d6 thi mau dd trong Hinh 3.

Vi ham sb y = sinx tuan hoan véi chu ki 27 nén dé v& db thi ctia ham s y = sinx trén R,
ta v& do thi ctia ham sO trén doan [—m; m], sau do lap lai do thi trén doan nay trén tung doan
gia tri cua x ¢o do dai 2m.

Ta ¢6 do thi cta ham séy = sin x trén R nhu saw:

2m
Hinh 3
Chiiy: Vi y = sinx 1a ham s01é nén dé ve do thi etia n6 trén doan [-n; n], ta ¢d thé v& trén
doan [0; n], sau do lay doi xarng qua goc toa do.
Tir d6 thi trén, ta thiy ham s6 y = sinx ¢6 tAp x4c dinh 14 R, tAp gid tri 1a [-1; 1] va ¢d che
tinh chat sau:
":,'_ Ham s6 tudn hoan véi chu ki 2m.

— Ham s6 18, ¢6 db thi dbi xiing qua gbc toa do O.

— Ham s6 dong bién trén cae khoang [-%km g+ k2’n] (k € Z) va nghich bién trén
cac khoang [g+k2n; 37%+k211] (k€ 7).

Hamsd y = cosx

LY Hoan thanh bang gié tri sau ddy va xac dinh cac dim tuong tng trén mit phing toa do.

Sn|l 2m m T m 2n | 5m

x - |-—|-——]——=|——=|—-——1 0 — — — | = —| =
§) 3 7. 3 § § 3 2 3 6

y=cosx | ? ? ? iz ? 7 ? ? 7 ? ? ? ?
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Bing cach trong ti, lay nhidu didm M(x; cos x) véix € [—n; @] va ndi lai, ta duge db thi
ctia ham s6 y = cosx trén doan [-n; ] nhuw phin 46 thi mau dé trong Hinh 4.

Vi ham 6 y = cos x tuan hoan voi chu ki 27 nén dé v& dd thi ctia ham s6 y = cosx trén R,
ta v& d8 thi ctia ham sb trén doan [ m], sau do lap la d thi trén doan nay trén tirng doan
gia trl cila x ¢o 4 dai 2.

Ta ¢6 do thi ctia ham s0 y = cos x trén R nhu sau:

2m

Hinh 4
Chi y: Vi y=cosx 14 ham s6 chin nén dé v& do thi ctia no trén doan [—m; ], ta c6 thé va

trén doan [0; n], sau d6 1ay doi xting qua truc tung.

Tir d5 thi trén, ta thiy ham s6 y = cosx ¢d tAp xac dinh 14 R, tap gia tri 14 [-1; 1] va b che
tinh chét sau:

0

¥ — Ham s0 tuan hoan véi chu ki 2.
— Ham s6 chin, ¢ dd thi dbi ximg qua true Oy.

— Ham s déng bién trén cac khoang (—n + k27, k27) (k € Z) va nghich bién trén
cac khoang (k2n;, m+ k2n) (k € Z).

Vi du 3. Cho ham 6 y=sinx véi x e [0; 3x].
a) V& d6 thi ham s6 d3 cho.
b) Ham s6 ddng bién, nghich bién trén nhiing khoang nao?

¢) Tim cac gia tri cua x thude [0; 37”} sao cho sin 2x = 0.

Gidi
a) Ta ¢6 dd thi ham s6 nhu trong Hinh 5.
y‘l
I | D
1
|
7 ™
2
|
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BiiTan e b ki ie ot [o; g] 7 [37" 57"]

Ham s6 nghich bién trén cic khoang [%, 3?“] va [57“, 311].

¢)Patr=2x. Vi Osxg%ﬂ nén( < £< 3m.
Tir dé thi ham s6 & trén, ta ¢6 sin £ > 0 khi va chi khi 0 < 7 < n hodc 2n < £ < 3m.

Do do nggg hodc ﬂgxg%n.

@3 Cho ham s6 y = cos x v6i xe[—g; ’n}.

&

a) V& d6 thi ham sb d3 cho.
b) Tai cac diém nao thi gia tri ciia ham s0 16n nhat?

¢) Tim cac gia trl cua x thude [—%; 5%} sao cho sin[x—§]< 0.

Li d6 s (cm) etia mdt con lde ddng ho theo thoi gian 7 (giay) duoe
cho béi ham sb s = 2 cosmz. Dua vao do thi cia ham s cOsimn,
hiy xac dinh & cac thoi diém # nao trong 3 gidy dau thi con lac

c6 i 46 16n nhat.
(Theo https: /www.britannica.com/science/
simple-harmonic-motion)

Hamso y = tanx

@ﬁs Hoan thanh bang gié tri sau diy va xéc dinh cac diém tuong ting trén mt phing toa do.

4 n T
x —— = = 0 - - -
3 4 6 6 4 3
y = tanx ? ? ? ? ? ? ?

2

Bing cach tuong tw, lay nhidu didm M(x; tan x) véix € [—g g] va noi lai, ta duge d6 thi

clia ham 6 y = tan x trén khoang [_g; g] nhw phén db thi mau dé trong Hinh 7,

Vi ham s y = tanx tuan hoan véi chu ki m, nén dé v& do thi ctia ham so y = tanx trén

R\{%Jrkn ke Z}, ta v& dd thi ctia him sb trén khoang [_g; g] sau d6 1ap lai dd thi trén

doan nay trén titng doan gia tr1 ctia x ¢o do dai .



Ta ¢ db thi ctia ham sé)y:tanxtrén R\{g+kn|keZ} nhu sau:

A
¥ y=tanx

o] A
2| =

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 | 1 | -
3, - : 0 : n 3Ty
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

Hinh 7
BB 40 AN - O RIS e nm 7 ;
Chi y: Vi y =tan x 1a ham s6 1€ nén dé v& d6 thi ctia nd trén khoang [—5; 5] ta c6 thé
sau do lay déi ximg qua gbc toa do.

vé trén mta khoang [Og]
Tir d6 thi trén, ta thay ham s6 y = tan x ¢6 tip xac dinh la R\{L kn|ke Z}, tap gia tri la R
va ¢ cac tinh chét sau: -

0

¥ — Ham s6 tuan hoan véi chu ki 7.
— Ham s6 1€, co do thi doi xing qua goc toa do O.

— Ham s6 ddng bién trén cac khoang [—g+ km, g+ kn] (ke Z).

Ham sd y = cotx

Q Hoan thanh bang gia tri sau day va xac dinh cac diém trong ting trén mit phing toa do.

m m m m 2n 3n An
% il e i i el - e
6 4 3 2 3 4 6
y=gcobY P ? ? ? ? ? ?

Bing cach tuong tu, 1y nhidu diém M(x, cot x) v6i x € (0; 7) va ndi lai, ta duoc db thi cia
ham s6 y = cot x trén khoang (0; ) nhu phan d6 thi mau do trong Hinh 8.

Vi ham s6 y = cotx tuan hoan véi chu ki n nén dé v& d6 thi ctia ham s y = cotx trén
R\ {kn |k € Z} ta v& d5 thi ctia ham s6 trén khoang (0; m), sau dé 1ap lai d6 thi trén doan nay
trén tung doan gia tri cia x ¢ do dai n.

Ta 6 dd thi ¢lia ham s6 y = cotx trén R\ {kn |k € Z} nhu sau:

1 1 y‘“ 1 1

1 1 1 1

i i |\ y=cotx |

1 1 1 1

1 1 1 1

E E E E

1 1 1 1 -
2m3N TR I\ [0 BN A 3R\ 2% %

i 2 i 2 5 i 2 i

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

Hinh 8



Tir d6 thi trén, ta thiy ham sb y = cotx ¢6 tAp xac dinh 1a R\ {kn |k € Z}, tip gid tri 1A R va
6 céc tinh chét sau:

- -
L -

® — Ham sb tuan hoan véi chu ki 7.
— Ham s6 18, ¢6 do thi d6i xiing qua gde toa dd O.
— Ham s6 nghich bién trén cic khoang (kn; n + kn) (k € Z).

Vidu 4. Cho ham sb y = tan x trong khoang [—gg]
a) V& do th1 ham so da cho.
b) Tim cac gia tr1 ctia x sao cho tan x < J§
Gidi
a) Ta ¢6 db thi ham s6 nhu trong Hinh 9.
b) Tir db thi ta ¢6 tan x < +/3 khi va chi khi —gq%.

E

(SR

Hinh 9
@:i Cho ham s6 y = cotx vdi x € [—g; 211] vaxzkn(ke Z).
a) V& db thi ham sb d3 cho.
b) C6 bao nhidu gié tri x ma tai do6 gia tri ham s6 d& cho bang 2?
ﬁ:"‘z Trong Pia li, phép chiéu hinh tru duoc st dung d& vé - - X '“'ﬁ‘“r :
w7 ‘ ] . ) ) r; I‘{! W ‘r,l*:\ﬁw i i
mat ban do phang nhir trong Hinh 10. Trén ban do phang lay /11 i‘*{i‘-gﬁ_‘;
: =i | IR |8
duong xich daolam truc hoanh va kinh tuyén 0° lam true tung. , T \\—-__’-’Fi Hi
Khi 46 tung d§ cita mot diém o8 vi d6 ¢ (-90 < @ <00) "D KEL] | [FEE
b [[\ T
duge cho béi ham so y = 20 tan [% (p] (cm). St dung ﬁ‘/ _‘ A
5 N {7
= F 7 B s v L [ & i
d0 thi ham s0 tang, hay cho biét nhiing diém & vi dd nao \ M—=——;“
nam cach xich dao 20 cm trén ban do. _— A 1A
|
(Theo Attps://geologyscience.com/geology/types-of-maps/) Hinh 10
BAI TAP
1. Céac ham s6 dudi diy 6 1a ham s6 chin hay ham s6 18 khong?
a) y=5sin‘x+1; b) y = cosx + sinx; ¢) y=tan2x.
2. Tim tap xac dinh clia cac ham sb sau:
By=— by = tan| 3+ 7 | Sy=—
COS X 4 2—sin" x

m -



3. Tim tap gia tri ctia ham sdy =2 cosx + 1.

4. Dya vao do thi cia ham s0 y = sinx, xac dinh cac gia trl x € [-n; n] thoa man sinx =

1
>

5. Khi du quay hoat ddng, vén tc theo phuong ngang ctia
mot cabin M phu thude vao goe lugng giac o= (Ox, OM)
theo ham s6 v, = 0,3 sino, (m/s) (Hinh 11).

a) Tim gi4 tri 16n nhat va gia tri nhé nhat ctia v_

b) Dua vao dd thi ca ham s sin, hiy cho biét trong
vong quay dau tién (0 < o < 2m), gbe o § trong chc
khoang nao thi v_tang.

ny

6. Khoang cach tir tim mdt gudng nudc dén mit mrde va
ban kinh ctia guong déu bang 3 m. Xét gau G clia guong.
Ban dau gau G nim 6 vi tri A4 (Hinh 12).

a) Viét ham 6 /2 bidu dién chidu cao (tinh bang mét) cla
gau G so voi mat mrde theo goc o = (04, OG).

b) Guéng nude quay hét méi vong trong 30 gidy. Dua
vao d6 thi ctia ham s6 sin, hily cho biét & cac thoi diém
¢ nao trong 1 phut dau, khoang cach cia gau dén mit
mroc b%'ing 1,5m. Hinh 12

7. Trong Hinh 13, mét chiée may bay 4 bay & d6 cao 500 m theo mdt dudng thing di ngang qua
phia trén tram quan sat 7 & mat dat. Hinh chigu vudng goe ctia.4 18n mat dat 14 H, o 1a géc
lwong giac (7x, 74) (0 < o < m).

Hinh 13

a) Biéu dién toa do x,, ctia diem H trén truc Tx theo o.
. A . . A ~ - A i 2 . o - .
b) Duya vao do thi ham so cotang, hdly cho biét voi g< oL < ?ﬂ thi x,, nam trong khoang nao.

Lam tron k&t qua dén hang phan muoi.

2 T



Bai 5. Phuong trinh luong giac co ban

f;“g

%‘f«w_.m,f! Trong hinh bén, khi ban dap xe dap quay, béng M
ala d4u truc quay dao #8ng trén mit 44t quanh
diém O theo phuong trinh s = 17cos 5xt véi
s{am) 1 toa &) clia diém M trén truc Oxvi (gidy)
1a thdi gian ban dap quay. Ldm céch ndo d& xéc
dinh dugc céc thoi diém ma tai 46 43 dai béng

OM biing 10 cm?

1. Phuong trinh tu'ong duong

&
/1

» Ld
- -

Xéc dinh va so sénh tdp nghiém cia cdc phuong trinh sau:
a)x-1=0; b)x*-1=0; c) v2xt -1 =x.

"% Hai phuong trinh duge goi 13 swong dweng néu ching c6 cing tip nghiém.

Vi du 1. Phuong trinh x* — 4 = 0 twong duong v&i phuong trinh ndo sau diy?
a) 2x* = §; P-4+ — = —,
Gidi
a) Hai phuong trinh x* — 4 = 0 va 2x* = 8 ¢ ciing t8p nghiém {-2; 2} nén hai phuong trinh
nady tuong duong.

b) Ta ¢6 x = 2 12 mdt nghiém cta phwong trinh x*> — 4 = 0, nhung khéng 13 nghiém

ciia phuong trinh x* — 4 + £ ¥4 L.Dodéhaiphuongtﬂnhnéykhﬁngtlmngduong

x— x-2
véi nhau.

Chiy:

a) Pé gidi phwong trinh, ta thudmg bién ddi phwong trinh d6 thinh mdt phwong trinh
twrong duong don giin hon. Cédc phép bién ddi nhir viy drgc goi 1a cic phép bién dbi
twong duong. Ta cé mdt s phép bién dbi twong dwong thudmg si dyng sau:

* COng hojic trir hai vé& ciia phuong trinh véi cing mdt s6 ho¥c cing mdt bidu thirc ma
khéng 1am thay dbi didu kién ciia phuong trinh.

» Nhén hojc chia hai vé ciia phwrong trinh véi ciing mét s6 khéc 0 holic cing mét bidu thirc
tudn ¢6 gi4 tri khic 0 ma khong 1am thay dbi didu kién ciia phuong trinh,

b) Dé chi sy trong dwong clia cic phuong trinh, ngudi ta ding ki higu “™.



@ Chi ra 13i sai trong phép bién d6i phuong trinh dudi day:

YA
xz
Y=2x o =2cx=2
x B
2. Phuwong trinh sinx=m NG |85 0
) a) C6 gi4 trj ndo clia x 48 sin x = 1,5 khong? S >
b) Trong Hinh 1, nhitng diém ndo trén dudmg tron
hrong gidc bidu dién géc hugng gidc x b sin x = 0,5?
Xéc dinh sé do cia cc gée lugng gide do. B
Hinh 1
"% Xét phuong trinh sinx = m.
e Néu || > 1 thi phrrong trinh v6 nghiém,
» Néu |m| < 1 thi phuong trinh ¢6 nghiém:
x=a+k2n, ke Z
vaix=n—a+i2n ke Z,
vii a 14 goc thude I:—g; g:| sao cho sina. =m.
YA 3
y=sinx
ol 1w N y=m
Jd | S L N\& : .
_5_1:: I g -1 _R, Oo X x—q 1 3m 2 5_'m InN\x
1 _? 1 _1 2 | 2
- n -
Hink 2
Chiiy:
a) Mot 86 tnrdmg hop diic bigt:

sinx=1<:>x=g+k2n,kez;

sinx =—1 @x=—g +2n, ke Z;

sinx=0&x=kn,keZ
b)sinu=sinveo u=v+ik2n, ke Zholicu=n—-v+i2n, ke Z.
c) sinx =sina® <>x =a" + k360°, k € Z hoéic x = 180° — a" + k360°, k € Z.
Vidu 2. Giai cac phuong trinh sau:

a} sinx = %; b) sinx:—%; c) sin2x = sin 3x.
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Gidi
a) Vi % = sing nén ta ¢o phuong trinh sin x = sin g Do do phwong trinh ¢o cac nghiem la:
—_ +k2n. ke Z  va x=n-Z k2= il +i2n ke Z.
6 6 6
3 : 3 :
b) Vi -5 < —1 nén phwrong trinh sinx = 5 vO nghiém.

¢)sin2x=sin3x < 3x=2x+k2n, ke Zhodac3x=n-2x+k2n ke Z

< x=k2n, ke Zhodcx= §+k2?ﬁ,k e Z.

Vay phuirong trinh ¢6 cac nghiémla: x=4k2n, k € Zvax = %4— k%j—ﬁ, ke Z.

o) (Giai cac phirong trinh sau:

a) sinx = % b) sin(x + 30°) = sin(x + 60°).

B

3. Phuong trinh cosx=m
g?’ Trong Hinh 3, nhitng diém nao trén duong trén lwong gide bicu dién goc luong giac x

CO COS x = 75 2 Xac dinh s6 do ¢lia cac goc luong giac do.

yl\
A B
A : A
L /o x
2,
N 5
Hinh 3
¥ Xect phuong trinh cosx = m.
e Néu |m| > 1 thi phuong trinh v6 nghiém.
e Néu |m| < 1 thi phwong trinh ¢6 nghiém:
x=oti2n ke Z
vax=—o+k2n ke Z,
voi o 1a goc thude [0 ] sao cho cos o = m.
Vi
1 J=CO0sX
TN ™ PN y=m
Z N ol N 77 X N
—3n -2r —T -0 g o T 2x itn Lx
-1 \:/ \/
-« = -



Cha y: a) Mot s6 trudng hop dic bidt:
cosx=1eox=Bn ke Z,

cosx=-lox=n+k2n ke Z

cos,x:0<:>x:%+kﬂ,ke .

b)cosu=cosveou=v+k2n ke Zhoicu=—v+k2n ke Z.

c)cosx=cos @<= x=a’+ k360°, k € Z hoic x=—a" + k360°, k € Z.

Vi du 3. Giai cac phuong trinh sau:

a) cosx = —%; b) cos2x = cos(x + 60°); ¢) c0s3x = sin x.
Gidi
a) Vi —% = cos 2?“ nén ta ¢6 phuong trinh cosx = cos 2—; Do do phirong trinh ¢6 cac nghiém la

x= 2?71 +&2n, ke ZvéxZ—z?ﬂ +&27n, k e Z.

b) cos2x =cos(x + 60°) <= 2x =x+ 60° + £360°, k € Z hodc 2x = —(x + 60°) + k360", k¢ Z

< x=60°+4360°, k € Z hodicx=-20°+ k120" k€ Z

Vay phuong trinh ¢o6 cac nghiém la x = 60°+ £360°, k € Z vax=-20°+ k120°, k € Z.

. T
¢) c0s3x = sinx < cos3x = Ccos [5 i xJ

<:>3x:%—x+k2’n,ke 7 hoidc 3x=—[g—xJ+k2n,ke 7

@x:gﬂcg,ke Zhoéox:—%ﬂLkﬂ,ke Z.

Vay phuong trinh ¢6 cac nghiém la x = g+k§, ke Zvéx:—% +m, ke Z.

@é (31ai cac phurong trinh sau:
"
a) cos x =—3; b) cosx = cos 15 c) cos[x+%]

4. Phuwong trinh tanx =m

Trong mat phfmg toa do Oxy, cho 7T la diém trén truc
tang cotoa dola(l; Jg) (Hinh 5). Nhitng diém nao trén
duong tron lwong giac bidu dién goc lugng giac x ¢d

tan x = \/5‘? ¥ac dinh 0 do ctia céc goc luong giac do.

[ —

wy



*  Vé&i moi sb thye m, phrong trinh tanx = m ¢6 nghiém
x=a+kn kel

véi a 1 goe thude [—g; g) sao cho tanc = m.

1 1 y‘L 1 J”=tmllx 1
i /J m | i [iy=m
w7 x Jl0aiE /s J swox
2! 2! 12/ 2! 2!
1 T‘—’I 1 1
k14
Hinh 6
Chidy:tanx=tana® < x=a" +k180°, k € Z.
Vi du 4. Gidi cac phuong trinh sau:
a) tanx = /3; b) tan 2x = tan .

11

Gidi

a) Vi \/5=tang nén phuong trinh tan x = \/?:=tan§ ¢ cacnghigm I3 x = g +kn, ke Z.

b)tan2x=tan1—“1 & 2= % thr ke Z

ki T
=—+k—, !
&Sx 2 > keZ

Viy phuong trinh ¢6 cdc nghiém 14 x = 2—n2+k§, kel

i Gidi cic phuong trinh sau:

a) tanx =0; b) tan (30° — 3x) = tan 75°.
5. Phuong trinh cotx=m c ’; "*B
) Trong mit phing toa dd Oxy, cho C 13 diém 5 )
trén tryc cdtang c6 toa dd 13 (—1; 1) (Hinh 7). ’
Nhimg diém nio bidu dién géc lwong gide x = > —
c6 cot x = —1? Xdc dinh s do cia céc géc
lugng gidc d6. N
Bl‘
Hinh 7



. Vi moi s thyc m, phuoeng trinh cotx = m ¢6 nghiém
x=o+tkrn kelZ,
vdi o 13 gée thude (0; ) sao cho cota = m.

y=cotx
: 74 : : :
:\\m\\ :\\ :\\
= ol « EEERNTY ml
1 1 1 1
| A
e ———
i
Hinh 8

Chiy:cotx=cota® > x=a"+k180°% k € Z.
Wl du 5. Giai cac phuong trinh sau:

V3

s
tx=——; b) cot3x=cot —.
a) cotx 3 ) cot3x = co 7

Giai

3 NE) 2n

a)Vi—T= t%m nén phuong trinh cotx=—?=cot? cO cic nghi¢m la
2n
x= ?+kﬂ, ke Z.

b)cot3x=cotg o 3x= g tkn, ke

n

—X=
21

+kX ke
3

Véy phuong trinh ¢6 cac nghiém 13 x = %Hﬂg. keZ.
Giai cac phuong trinh sau:
a)cotx=1; b) cot(3x + 30°) = cot 75°.
6. Giai phuong trinh lwrong gidc bang mdy tinh cdm tay

Tacbthégiéiphuongh'lnhluqnggiécdangsinx=m, cosx=m,tanx=mvﬁcotx=mbﬁng
may tinh cdm tay nhu trong vi dy sau:

3



Vidu 6. Str dyng méy tinh cim tay 48 giai céc phuong trinh sau:
a)sinx=—%.Kétquéghitheodcmviradian.
b) cot x = 3. Két qua ghi theo don vi d3.

Gidi
a) Chon don vi do goéc 13 radian. v @ a
& Sin—l[-l]
An lién tiép céc phim 2 ;
EAEDQDER2E®NE "Bt
ta duge mﬁtgéccésinb%ng—% 1&—%.
Dodé,tacécécnghiémcﬁaphuongtﬁnhsinx=—% a
x=—%+k2ﬂ:,keZvéx= %"Han,kez.
b) Chon don vi do géc 14 46. ﬂ—‘"ii s
. . tan™ §]
An lién tiép cic phim
18. 43494882
&H @ DEGC® L E

ta dugc mdt géc cb citang bing 3 13 18,43° (1am trdn dén hing phén trim).
Do 49, ta ¢6 cdc nghiém ciia phuong trinh cotx =3 la x = 18,43° + k180°, k € Z.

Chd y: Dé giai phwong trinh cot x=m (m # 0), ta gidi phurong trinh tanx = —.

1
m

g%ﬁ Sir dung méy tinh cdm tay dé gidi cc phwong trinh sau:

P
(o)

N/

a)cosx=04; b) tanx = 3.
Két qua ghi theo don vj radian va 1am trdn dén hang phén trim.
Quay lai bai to4n khéi dfng, phuong trinh chuyén ddng cia béng diu truc ban dap 13

x = 17 cos 57t (em) vdi ¢ dwge do biing gidy. Xac dinh cac thai diém £ ma tai d6 do dai
bong |x| vira bing 10 cm. Lam tron két qué dén hang phin murei.

1. Gidi cic phuong trinh lrgng gidc sau;

a) sin 2x = l; b) sin[x—E]=sin2—n; c) sin4x—cos(x+£] =0.
2 7 7 6
2. Gidi céc phurong trinh lwgng giic sau:
a) cos x+= =£; b) cos 4x=0055_1:; c)cos’x=1.
3 2 12

Eow



3. Giai cdc phwong trinh lvong giac sau:
a) tan x = tan 55°, b) tan[2x+%] =0.
4. Gidi cic phuong trinh lugng gic sau:

a) cot[%x+§]=—1; b) cot 3 =—?.

5. Tai céc gid trj ndo ciia x thi 46 thj ham sb y = cos x vd y = sin x giao nhau?

6. TrongI—th9,khidtro‘ckéorakh6ivitricﬁnb§ng&diém Ovabudng tay, hye dan hdi ciia ld xo
khién vit 4 gin & diu cta 16 xo dao ddng quanh O. Toa d6 s (cm) ctia 4 trén truc Ox véo
thoi didm ¢ (gidy) sau khi bubng tay duge x4c dinh bdi cdng thirc s = 10 sin(lOH%J.
Vo céc thii diém nao thi s = —5v3 cm?

(Theo https:/fwww.britannica.com/science/simple-harmonic-motion)

0 A E

£ 0
Hinh 9

My

7. Trong Hinh 10, ngon d&n trén hai ding H cich bé bién 3’ mét khodng HO= 1 km. Pén xoay
ngugc chidu kim ddng hé véi the do % rad/s va chiéu hai ludng 4nh séng v& hai phia d6i dién
nhau. Khi dn xoay, diém M ma ludng 4nh séng cua hai ding roi vao by bién chuyén djng
doc theo bo.

(Theo https://www.mnhs.org/splitrock/learn/technology)

1km

' | by bién
Hinh 10
a) Ban dAu ludng séng tring véi dudng thing HO. Viét him s8 biéu thi toa d6 y,, clia diém M
trén tryc Oy theo thoi gian ¢,

b) Ng6i nha N nim trén bd bién véi toa d6 v, = —1 (km). Xdc dinh céc thdi diém ¢ ma
dén hai ding chiéu vao ngdi nha.
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BAI TAP CUOI CHUONG |

CAU HOI TRAC NGHIEM
Chon phwong an ding.

1. Géc lugng gidc ndo trong tng véi chuyén 6. Nhiét &6 ngoai trdi & mot thanh phé vao céc

1 . théi diém khic nhau trong ngay c¢6 thé duge
dong quay 3 5 vdng nguge chiéu kim m6 phong bédi cong thirc

dong hd?
ne . A()=29 + 3sin " (r—9)
A 161 5. (16 12
T 5 RV v A tinh bang d6 C va ¢ 1a thdi gian trong
. ay tinh bing gid. Nhiét 4§ thép nhét trong
C. 1152, D. 1152x. ng
" ngéy 1 bao nhiu d5 C vi vao lic miy gid?
2. Trong tnrémg hop ndo dudi ddy cosa =cosp (Theo https://www.sciencedirect.com/science/
va sin o = —sin p? article/abs/pii/0168192385900139)
A B=-a. B.p=n—o. A. 32 °C, Inc 15 gio.

B. 29 °C, lic 9 gid.

C.B=n+a. D.B=E+a. )
2 C. 26 °C, lhc 3 gido.

3. Khing dinh nao sau dfy diing? D. 26 °C, Iic 0 gio.
A. Ham s y = sinx 13 ham sb chin.
B. Ham s y = cosx 14 ham s6 chin. BAITAP TY LUAN

C. Ham s6 y = tanx 12 ham s8 chin.
0y A4 e 7. Métchiécquattﬁnnﬁmcénhquayvé‘iﬁécdﬁ

. X S £ 4= 4
D. Ham s0 y = cotx 1a ham so chan. 45 vong trong mot phit. Chon chidu quay cia
4. Nghiém &m 16n nhét cia phuong tigh  uetlchisuthudn Sau3 gily, quat quay duge

K mot géc cb s6 do bao nhiéu radian?
hrong giac cos2x = cos(x+§) la
8. Chocosa = % vé.—g < g < 0. Tinh:

L 5w
A. 9 B. g a) sin o; b) sin 2a;
C. —7—ﬂ. D. —B—n. c) cos[a+EJ.
9 9 3
5. S6 nghiém cia phuong trinh tanx=3 trong 9. Chimg minh ding thirc lugng gidc:
khodng (_E. 7_"] i a) sin (a + B) sin (o — B) = sin? & — sin? B;
2’ 3
Al B. 2. b) cos*a — cos* (a —g) = cos 2a..
C.3. D. 4.

O



10. Nghiém durong nhé nhét ctia phuong trinh
sin[x + g) ~ sin2x = 0 12 bao nhidu?

11. Giai cac phuong trinh sau:

a) sin2x + cos3x =0,

V2

b) sinx cosx= —;
4

2

¢) sinxctsindy =0

12. D6 sau A (m) cta mure nudc & mot cang
bién vao thoi diém #(gio) sau khi thuy tridu
18n l4n d4u tidn trong ngay duge tinh xAp xi
bai cong thire A(7) = 0.8 cos 0,5¢+ 4.
(Theo Attps: /inoc.ac wkifiles/documents/
business/an-introduction-to-tidal-
modelling pdf)
a) PO sau cua nuwoc vao thoi difmr=21a
bao nhiéu met?
b) Mgt con tau can muc nude sau toi
thiéu 3,6 m de co the di chuyen ra vao cang
an toan. Dira vao d6 thi ¢ia ham sb COSLIL
hiy cho biét trong vong 12 tiéng sau khi
thuy triéu 18n 1an diu tién, & nhiing thoi
diém 7ndo tau ¢6 thé ha thuy. Lam tron két
quéa dén hang phén tram.

13. Vén toc v (cm/s) ctia mdt con lic don theo
thot gian ¢ (giay) duge cho boi cong thire

v =—3sin(1,5z+3].
3
(Theo Attps: /rwww.britannica. com/science/
simple-harmonic-motion)
Xac dinh cac thoi diém 7 ma tai do:
a) Van tbe conlic dat gia tri 1on nhit;
b) Van tée con lic bing 1,5 cms.

14. Trong Hinh 1, cAy xanh.4B nam trén dudng

xich dao duoc tré“mg vudng goc vol mat dat
va ¢6 chidu cao 5 m. Béng ctia ciy 1a BE.
Vao ngay xuan phéan va ha phan, diém E
di chuyén trén duong thang By, Goc thién
dinh 6, = (4B, AF) phu thudc vao vi tri cia
Mit Troi va thay ddi theo thoi gian trong
ngay theo c¢ong thirc

0.0 = % (t—12) rad

vol1 tla thot gian trong ngay (theo don vi gio,
6 <t<18).
(Theo Attps: /iwww.sciencedirect.com/
topics/engineering/solar-hour-angle)
a) Viét ham s6 bidu dién toa dé ctia didm E
trén true Bx theo ¢
b) Dua vao do thi ham s6 tang, hiy xac
dinh cac thoi diém ma tai do bong cAy phi
qua vi tri tudng rao N bigt N nam trén trye
Bx véi toa d61a x,= —4 (m). Lam tron két
qué dén hang phan mudi.




Y Ay 6.

Trong chuong nay, cichan sé tim hiéu vé khai niém day s6 va cactinh chat co ban diamit day so. Chiing ta ciing sé fim
hiéu vé hai loai day sd dachiét quan trong Ia cip sé cbng va cip sé nhén ciing nhw nhiing ing dung dia day s trong
giai todn va trong cichoat déng thuc tien.

Trong hinh trén, 46 dai canh dia cachinh vuéng theo thit tw tit nhé dén lén lan lust13: 1;1; 2; 3; 5, 8;13; ...

Day sé nay chifa dung nhifng diéu ki diéu gi ciia khoa hocvanghé thuat?

. % | Hoc xong chuong nay, ban c6 thé
- Nhéan biét dugc khai niém, cac tinh chat co ban va cach xac dinh mét day sé.
- Nhén biét dugc cap s6 cdng va cap s6 nhan. Gidi thich dugc cdng thiic xdc dinh sé hang
téng quét cla cap s6 cdng va cap s6 nhan.
- Tinh dugc téng clia nn s6 hang dau tién clia cdp s6 cdng va cap s6 nhan.

- Gidi quyét dugc mdt s6 van dé thuc tién gan v&i day sé.




Bai 1. Day sé

Tir khod: Day s& (hiiu han, v han); $& hang dau; $8 hang thi n (s6 hang téng quat);
Déy sé tang; Day sd gidam; Day s6 bi chan; (dng thiic tinh sd hang thit n cha day sé.

oon R

Vg
|

16
25

Goi u; u;u; ...; v lanlugtla dién tich cachinh vudng c6 d§ dai canh1a 1;2;3; ..., n.
Tinhu, vau,.

1. Day sé la gi?

s -‘1) Cho ham sd:
N SR
n — u(ny=n’.

Tinh 2(1); e(2); 14(50); u(100).

Trong thuc tién, chimg ta thudng ¢6 nhu cAu danh sd thi ty mot loat cac gia tr1 sb can phai
xt i, tir d6 dira dén khéi niém diy s6:
-.: i : : * ¥ 4
+®  Ham s0 »xac dinh trén tap hop cac so nguyén dwong N duge goi la mot day sé vé han
(hay goi tat 14 diy s6), nghia la
uN >R
n —u, = u(n).
Diy s6 trén dwge ki hidula (u,).
Dang khai trién ctia day s6 () L o) u; .50, ...

Cha y:

a)u, =u(l) goi la sé hang déu, u,=u(n) goila s hang thiv n (hay 50 hang téng qudr)
clia diy sd.

b) Néu 1, = C véi moi », tandi () 1a ddy s6 khong déi.

Vi du 1. Ham sb trong Q c¢6 14 diy s6 hay khong? Néu co, hiy tim sb hang thir nhit,
thit hai, thit ba va s hang téng quat ctia diy s6.

s



Gidi
Ham s6 trong Q xé¢ dinh trén tap hop céc s6 nguyén duong N nén nd 1a mot diy so.
Tacod u,=1,u,=4u,=9vau, =n'
s ? Cho ham sb:
v:{1;2:3;4;5} =R
n—vin) =2n

Tinh v(1), v(2), v(3), v(4), v(5).

*  Ham s6 u xac dinh trén tip hop M= {1; 2, 3; ... m) thi duoc goi 14 mdt day so hivu han.
Dang khai trién ctia ddy s6 nay 1a u,, u,, ..., u,, trong d6 u, 14 56 hang dau va u, 14
s6 hang cudi.

Vi du 2. Dy gdm 10 s6 tir nhién 18 dau tién 1; 3; S; .3 19 6 phéi la diy s6 hitu han khéng?
Néu ¢o, tim s6 hang dau va s6 hang cudi cta diy so.
Gidi

bayla mot day s6 hitu han. Ta ¢6 sb hang dhu u=1va sb hang cudbi 1y =19

no—u =mn.
a) Hily cho biét dily s6 trén 14 hitu han hay v6 han.
b) Viét nim s6 hang d4u tién ctia diy s6 dé cho.
@1 Cho 5 hinh tron theo thit tir ¢co ban kinh 1; 2; 3; 4; 5.
a) Viet diy s0 chi dién tich ctia 5 hinh tron nay:.
b) Tim $6 hang du va sb hang cudi cia diy s6 trén.

2. Cach xac dinh déy sé

g ‘;’3 Cho cac diy sb (a,), (b)), (¢,), (d,) dwge xac dinh nhu sau.

°a,=0;a,=1;a,=2;a,=3;a,=4. ob,=2n
& =)
* {c;zcn_lJrl = 2). e 4 la chuwi cua duwong tron ¢6 ban kinh .

Tim bon s6 hang dau tién clia cac day s0 trén.



* Théng thurong mét diy s6 ¢6 thé duoe cho bang cic céch sau:
Cdch 1: Litké cac s6 hang (véi cac diy s6 hitu han).
Céch 2: Cho ¢dng thie clia s6 hang tdng quét U,
Cdéch 3: Cho hé thie truy hoi, nghia la
« Cho s6 hang thit nhat «, (hodc mdt vai s6 hang dau tidn),
» Cho mot cong thire tinh ¢, theo u, _, (hodc theo vai s6 hang dimg ngay trede no).
Céch 4: Cho bing cachmd ta.

Trong &3, (a,) 14 ddy s chi ¢6 5 s6 hang duoc cho bing cach lidt k8, (5,) dwoc cho béi
cong thire ctia s6 hang téng quat, (¢,) duge cho béi hé thire truy hoi va (d,) duge cho béng
cach mo ta.

= v B o =l
Vi du 3. Chaf) day so‘(un) voiu,= 2=
a) Tim ba s0 hang dau tién. b) Tinh u., va u,,.
Gidi
% w 1 2
a) Ba s0 hang dau tién la: u1=0;u2=;;u3=E—§.
S0l 49 g0=31 98 49

b) Ta ¢o: u,, =

S 0 151 P 3. 99+ 2% 149°
Vi du 4. Cho diiy 56 () x4c dinh béi: {”1:1’ 7’
= AL (el
Tinh ..
Gidi
Tacolu, @b 10+ =2 4= Seg, = =g =i = ] = 5.
Vayu, =5.
Ny . Aot " u1=3
g“Z Cho day so (u,) xac dinh boi: {um:Zun 1),
a) Chiing minh &, =2 .3; 2,=2%.3;u4,=2".3.
b) Dur doan cong thire s6 hang tong quat clia dily 86 (i1,).

#¥5) Mot ching o6t g6 duoe xép thanh céc 16p, hai 16p
lién tiép hon kém nhau 1 ¢dt gb (Hinh 1).
Goi u, 14 56 ¢dt gd nim & 16p thit  tinh tirtrén
xudng va cho biét 16p trén cling ¢ 14 ¢dt gd.
Hiy xac dinh diiy s6 (u,) bang hai cach: o

a) Viét cong thire s6 hang tong quat u,.
b) Viét hé thire truy héi.




3. Ddy sé tang, ddy sé gidm

m Cho hai diy s6 (&) va (b,) duge xac dinh nhusau: @, =3n+ 1, b, =—5n.
a) Sosanh a,vaa,, , Vae N
b)Sosanh b, va b,  vVne N.
® Cho day sb (u,).
Diy s6 (1) duoe goi 1 day 5o tangnéuu,, > u,vn e N

o A B B ~ A 2= A #*
Diy s0 (u,) duoc goi la ddy sé gidmnéuu,, <u, Vne N.

Vidu 5. X¢t tinh tang, giam cua cac day s sau:

a) () Vol a, = l; b) (b)) v6i b, =n, ¢)(e,) vbic,=(-2Y.
i
Gidi
. ]. ]. * ,\ . ~ A w
a)Tacod: a,,=——<—=a, Vun e N . Vay (¢, la didy s6 giam.
n+l n

b)Tacd: b,,, =+ 1P >n*=b,Vn e N'. Vay (b,) la diy s0 tang.
¢) Tacd e, =-2;¢,=4,¢c,=-8,suyrae <c, c,> ¢, Vay (¢,) khong 14 diy s6 ting,
cling khéng 1a diy sb giam.
Vi du 6. Xet tinh tang, giam cua cac day s6 sau;
a) (a,) Vol a, = ——:; b) (b,) véi b, =n— .
n+1
Gidi

a) Ta nhan thay cac s6 hang ctia diy (a,) déula s6 duong. Ta lap ti s6 hai s6 hang lién tiép

n+1
— == 2
ity Gur _ n+2 :(n+1)(n+1): 7 +2n+1:1+ 1 o 1. S BE.
a, n n(n+2) 7’ +2n n+2n
n+1

Suyraa,,, > a,Vn € N'. Viy (a,) la diy sb ting.
b)Tacobh,,, —b,=[n+1-n+1]-n-nw)=n-n-n+n’*=2n<0,Vne N
Suyrab,, <b,¥ne N Viy(b)ladiyso giam.

Q‘ff?’ Xét tinh tang, giam ctia cic diy s6 saw:
t

; 2n-1 ; +2 ;
a) (u) volu, = %; bl G pveia = n4n : c)(z)vol IMZ(—I)”.nz.
¥

L



M6t chdng ¢t g8 duge xép thanh cac 16p, hai 16p Lidn tiép
hon kém nhau 1 ¢ot gb (Hinh 2).

a) Goiu, =251a s6 ¢bt gb ¢6 & hang dudi cting clia
chdng cbt gd, u, 14 56 ¢dt gb ¢d & hang thit # tinh tir
dudi 18n trén. Xét tinh ting, giam clia diy sb nay.

b) Goi v, = 14 14 56 cbt gd ¢6 & hang trén cling clia
chdng c6t gd, v, 1a s0 ¢dt gb ¢6 & hang thit » tinh tir
trén xudng dudi. Xét tinh tang, giam cta diy so nay.

4. Day s6 bi chan

g Cho diy 0 (u,) voL #, =—. Sosanh cac s6 hang ctia ddy so vo1 0 va 1.
71

% e Diy s6 (u,) duge got la day 50 bi chan trén néu ton tai mét s6 M sao cho
u, Mo vae BE
o Dily 50 (u,) duge goi 1a diy s6 bi chédn dwéi néu ton tai mot s6 m sao cho
u,zm, Vn € N*.
o Day 56 (u,) duge goi la diy s b chdn néu nd vira bi chin trén vira bi chin dudi
nghia 14 t5n tai céc 8 M va m sao cho
m=Zu, <M, Vne N*
. e RIS N . 1
Vidu 7. Xet tinh by chan cta day s0 (u,) vol u, = F
Gidi
. 1 1 5 T
Taco: u, = 2_” < 5 vn € N* Vay (u,) bi chin trén.

. ZL >0, ¥ € N*. Vay () bi chan dudi.
Ta thay day s6 () bi chiin trén va bi chin dudi, suy ra diy s6 (u,) bi chan.
% Xét tinh bi chén cua cac diy b saw:

,. m
a) (@) vil a,= cos—;
¢

b) (b)) vOi b =—"
n+l

=l



BAI TAP

1.

. Cho diy sb (u,) voi u, =ﬁ+_+

Tim u,, u, va du doan cong thire s6 hang téng quat u, cla day 50:

u =1

H
U o= n>1).
n+l 1+u ( )

i

| |

e . Tim u,, u,, u, va du doan cong thuc
2 3 n(n+1)

s6 hang tdng quat u, .

. Xét tinh ting, gidm ctia diy s6 (y,) vl y, =Jn+1—n.

. Xét tinh b1 chin cta cac day sO sau:

a)(a)vol a, = SiﬂzE'FCOSE; b) (1) volL u_ = 6;:—4.
3 4 n+2
. Cho diiy s6 (u,) vai = Ll _
n+1

Ching minh (1) 1a dily s6 ting va bi chan.

. Cho diy s& (1) véi u, = K*f Tim gi4 tri cia a dé:
1+

a) (u,) la ddy so tang; b) (1) 1a diy s6 giam.

Trén ludi 6 vudng, moéi 6 canh 1 don vi, ngudi ta v& 8 hinh vudng va to6 mau khic nhau
nhir Hinh 3. Tim day b bidu dién dd dai canh chia 8 hinh vuong do tir nhd dén16mn. C6 nhan xét
gi vé diy so trén?

Hinh 3



Ban c6 biét?
DAY SO FIBONACCI
Fibonacci (Phi-bd-na-xi) (con co tén la Leonardo Fibonacei)

14 mét nha toan hoe ndi tiéng ngudi Y. Trong cudn sach
Liber Abaci, nam 1202, 6ng ¢o viet bai toan sau:

“Mor doi tho (gém mot thé dwc va mot thé edi) cir moi = '
thang dé dirge mot doi thé con (ciing g(f;m mot tho dire va -
mot thé cdi); méi dbi thé con, khi tron hai thing i, lai ) Y
moi thang dé ra mot doéi tho con, va quda trinh sinh no cir 3
thé tié}::a dién. Héi sau mot nim sé c6 tat cd bao nhibu doi :
thé, néu diu nim (thang 1) 6 mot doi thé so sinh?” 5

(Neuon:https://www.britannica. com/science/Fibonac ci-number) Hinh 4. Leonardo Fibonacci
Ro rang & thang 1, cling nhur 6 thang 2, chi co mot A, R oE TR
da6i thod. Sang ’Ehéng 3, doi tho nay s€ dé ra mot doi ‘:L’l‘ ! !
tho con, vi the ¢ thang 3 s€ ¢o 1 + 1 =2 dd1 tho. an! . .
Sang thang 4, vi chi ¢6 déi thé ban dau sinh con g o
nén & thang nay ¢6 1 +2 = 3 ddi tho. Sang thing ;_'&%Q @” 5 5
5, hai déi thé gom déi thé ban dau va déi théd duoge | o
sinh ra & thang 3 cfing sinh con nén thang nay ¢o6 o 40 88 - a
3+ 2=>5déi thd ... e e = |

8 de 88 -

Hinh 5
Khéi quat, néu ki hiéu F, 1a s6 d6i thd co & thang thit 2, thi voi s > 3, ta co:
F_=F,__ +s0doithé duge sinh ra & thang thit ».

Do cac déi thé dugce sinh ra & thang thi (2 — 1) chwra thé sinh con & thang thit » va mai
déi tho ¢o & thang thf‘r (n—2) s §inh ra mot do1 tho con, nén so do1 thd con duge sinh ra
& thang thir » chinh bang F, . (36 d6i thd ¢6 & thang thir (2 — 2)).
Nhuvay: F,=F, +F,_,.
Viée gidi quyét bai toan trén ctia Fibonacei din dén vide khio sat diy so:

E=1

F, =1

F,=F,+F_, (n23).
Diy s6 trén sau nay duge nha toan hoe Phap Edouard Lucas goi 1a ddy so Fibonacei.

Ap dung quy luit diy s6 trén, ta tinh duoc sb dbi thd sau mét nam 1a =144




Bai 2. Cap sd cong

Tirkhod: Cap s6 cng; S8 hang dau; (6ng sai; Téng cGa n s& hang dau tién,

Mét rap hat <620 hang ghé, Tinh tifsdn khau, sb lugng ghé& clia cdc hang tang dan
nhu trong hinh minh hoa du'éi day.

Ban hdy dém va néu nhan xétvé s ghé
cia nam hang dau tién,

r ...\ R,
San khau

Lam th& nao dé biét dugc sé gh& cia mét hang batki va tinh dugc téng sd ghé ¢6
trong rap hat dé?

1. Cap sé cdng
£1 Tim diém giéng nhau cua cac day sb sau:
a)2,5,8;11; 14 (xem Hinh 1).

14
. 11
==
Hinh 1
b)2; 4,68 £y Sy, 200, dy—5;-2:1; 4,7, 10.

Q0
& - , : A , : 5.
Cdp 56 cdngla mdt ddy s0 (v6 han hodc hitu han) ma trong do, ke tir 0 hang thir hai, moi
56 hang déu bing téng clia s6 hang dimg ngay trzde né véi mdt s6 d khong déi, nghia 1a:

u, =u +dvéi ne N

SO d dugc goi la cong sai cua cap so cdng.

Vidu 1. Tim cap s6 cdng trong cac diy sb sau:

a) 5510 15:20: 2530 b)1;2;4; 8. YT BT
Gidi

a) Dy s6: 5; 10; 15; 20; 25; 30 14 cép sb cdng voi cong sai d= 5.

b) Day s: 1; 2; 4; 8 ¢6 u, —u, # u, — u,nén khong phai 1 cap sd cdng.

¢) Diy 86 7, 7; 7, 7, 7 14 cép s6 ¢dng véi ¢dng sai d = 0.



@

@
G

Vidu 2. Cho cﬁp sb cdng: 3;6;9;12; ... Tim sb hang dau, cOng sal va ..
Gidi
Cép sb cong di cho ¢é s6 hang dau #, = 3; cOng sal 4= 3.
Tacou,=12nénu.=u,+d=12+3 =15,
Vi du 3 Chl'rng minh mdi diy s sau 1a ¢ap s cdng. Xac dinh s6 hang dau va cong sai clia
moi cap s cong do.
a) Diy 0 (u,) véiu,=2n+ 1. b) Day 86 (v,) véi v,==3n+ 5.
Gidi
a)Tacoru,=2.1+1=3,
U, =2n+ N+1=02n+1)+2=u,+2,Vnc N*
Vay diy s6 (22,) 1 cAp s6 cong véi s6 hang dau u, = 3 va cong sai d=2.
b)Taco:v,=-3.1+5=2,
Vv, = =3(n+ LE S E A IES S RS ) e N*,
Viay diy s6 (v)la cap so cdng vai s6 hang dau v, =2 va cong sai d = 3.

Vi du 4. Cho a, b, ¢ 1a ba s6 hang 1ién tiép ctia cap s6 cdng. Tinh b theo a vi c.

Gidi
atc

Goi d 14 cong sai ctia cap s6 cong, tacd d=b—a=c—b. Do dd b=

Nhén xét: Néu (u,)1a cap s6 cong thi k& tir s6 hang thit hai, mai s6 hang (trir s6 hang cudi
d6i véi cap s6 ¢ong hitu han) déu la trung binh cdng ctia hai s6 hang dimg ké no trong day,
tire la:

_ U,

7 % k>2).

Chumg minh mdi diy s6 sau la cip sb céng. Xac dinh cong sai ctia mdi cap s6 céng do.
g) 3. 7 OO

b) Day s6 (u,) véiu, =% —9.

¢) Diy sb (v)) voLv,=an+ b, trong do a va b 1a cac hiing s6.

S6 do ba goe clia mét tam giae vudng 1ap thanh cdp s6 cong. Tim s6 do ba goe do.

Mat cit ctia mot td ong ¢o hinh lixé1 tao bdi cac 6 hinh
luc gide déu. Tlr mot 6 dau tidn, bude thi nhat, cic ong tho
tao ra vong 1 gm 6 6 luc gide; brde thit hai, cac ong tho
s tao ra vong 2 ¢o 12 6 bao quanh vong 1 budc thit ba,
chc ong tho s& tao ra 18 & bao quanh vong 2; ¢t thé
tiép tuc (Hinh 2). S6 6 trén céc vong theo thir tir ¢6
tao thanh cép s6 cong khéng? Néu cé, tim cbng sai cla
cap sb cong nay.




2. $6 hang téng quat clia cdp sé cdng

s }) Cho cép s6 cong (u,). Hay cho biét cac hiu sb sau day ghp bao nhidu lan cong sai d cia (2,):

T T W T Y e

7

Dinh li 1

* Néu mbdt cap s6 cong (a,) cO s6 hang dau u, va cdng sai d thi s6 hang tong quat u, ctia nd
duge xac dinh béi cong thire:

U, =ty tn—-1)d nz2.

Vidu 5. Tim sb hang téng quat u, cua cép sd cOng co s hang dau u; = 3 va cong sai
d=9.
Gidi
Tacou,=u + (@ L= 3813 =06
Viy s6 hang téng quét clia cap s6 cong 1a u, = 9 — 6.

~ A A ’ - ’ A A
% Tim s0 hang tong quat cta cac cap sO cong sau:
Ll

a) CAp s6 cong (a,)coa =5vad=-35,

b) Cap s6 cdng (b,) €6 b, =2 va b, = 20.

@2 Tim sb hang tdng quat ctia cip s6 cong (c,)coc, =80 vac,=40.

3. Téng cha n sé hang ddu tién cla cdp s6 cdng
s 3 Cho cap sb cong (21,) cO cOng sal d.
a) Tinh cac tong: u, + u u, +u, u,+u, .. u+u .. theou, nvad

n—12

v iy Uy Uy g My Y,
4, P
2d 2d

Hinh 3

b) Chuing & tang 2(u, + a1, + ... + 1) = n(u, + 1,).



Dinh Ii 2

& (Gia sir (1,) la mot cap so0 cong co cong sai d. Dat S, =u, + u; + ... + 1, ki do

G

B n(u, +u )
2
n[2u +(n—-1)d]

hay S, =
A 2

Vidué.
a) Tinh tdng 100 s6 nguyén duong du tién.
b) Cho cép s6 cong (11)) cO 1, + 1, =20. Tinh tong 9 s6 hang dau tidn ctia cap s6 ¢ong do.
¢) Cho cap s6 ¢ong (v,) ¢6 S, =-3va S, =-15. Tinh S.,.
Gidi
a) Ta ¢6 thé sap xép 100 s6 nguyén duong dau tién thanh cap sb edng cd u, =1,
t,= 100.

100(1+100)

Suyra S,y = =50.101 = 5050.

9(2u, +8d)  9.20

b) Ta cou, + u; =(u, + 3d) + (1, + 5d) =2u, + 8d=20. Suyra S, = 5 5 =90.
¢)Taco: S;= M =3, suyrav, +d=-1; (1)
S, = Mg“‘j) — 15, suyTa v, + 2d=-3. 2)

v+d=-1
Bt ol SE
(Giai he phuong trinh trén ta duge v, =1 va d =-2.
50(2v, +49d) 50 .[2.1+49 . (-2)]

Tu (1) va (2) ta duge hé phirong trinh {

Do dé S, = = 2400,

2 2

Qﬂ a) Tinh tong 50 s6 tur nhién chin dau tién.

b) Cho cap sb cong (u,) cO u, + u,, = 100. Tinh tbng 30 $6 hang dau tidn ctia cip sb
cong do.

¢) Cho cap s6 ¢ong (v,) ¢6 S, = 18 va S, = 110. Tinh S,

4

MGt rap hat ¢6 20 hang ghé xép theo hinh quat.
Hang thir nhét ¢6 17 ghé, hang thit hai ¢6 20 ghé,
hang thit ba ¢6 23 ghé, ... et thé tiép tuc cho dén
hang cudi cung (Hinh 4).

a) Tinh s6 ghé ¢6 & hang cudi cling.

b) Tinh tdng s6 ghé ¢ trong rap.




BAI TAP

. Chimg minh diy $6 hitu han sau 4 ¢4p sb cong: 1; -3, —7; -11; —15.

7. Khi mt van dong vién nhay du nhay ra khéi may bay,

. Cho (u,) 12 cap 6 cOng vai s6 hang dau u, = 4 va cong sai d=—10. Viét cong thitc s hang

tong quat u,.

. Cho cAp sb cong (u,) ¢6 s6 hang dauw, = -3 va cong sai d= 2.

a) Tim u,,. b) 86 195 14 s6 hang thit bao nhidu ctia cap s6 cong dd?

Trong cac day s0 sau day, day so nao la cap s0 cong? Tim s0 hang dau va cong sai cila no.

a)u,=3—4dn, b)uﬂ=§—4; ¢) u,=5" d)uﬂ=9_35n_

. Tim s0 hang dau va cong sai cia cap so cong (u,), biet:

2 1, —14 =20 by U, +u, =0 C){us—uzz?a
U, +u. =54, U, +u. =80, U 1y =24.

Mot nguoi mudn mua mdt thanh gS dn dé cit ra lam cac thanh
ngang ctia mot cai thang. Biét ring chiéu dai cac thanh ngang
clia c4i thang do (tir bic dudi cing) 14n luot 13 45 cm, 43 cm,
41 ¢m, ..., 31 cm.

a) Cai thang do ¢ bao nhiéu bac?

b) Tinh chidu dii thanh g6 ma ngudi do can mua, gid stk chidu dai
cac mdi ndi (phin gb bi cat thanh min cwra) 1a khong dang ké.

Hinh 5

gia sit quing duong ngudi ay roi tw do (tinh theo feet)
trong méi gidy lién tiép theo thit tyr trude khi bung du
lan luot 1a: 16; 48; 80; 112; 144; ... (cac quang duong
nay tao thanh ¢ap s6 cong).

a) Tinh cong sai cua cap sO cong trén.

b) Tinh téng chidu dai quing duodng roi tir do clia ngudi
do trong 10 gidy dau tidn.

Hinh 6

. O mét loai thire vit ludng béi, tinh trang chidu cao ¢y do hai gene khéng alen 1a Ava B cling

quy dinh theo kidu tuong tac cdng gbp. Trong kidu gene néu ot thém mét alen trdi A hay B
thi chidu cao ey tang thém 5 em. Khi trudng thanh, ciy thip nhét ctia loai nay vai kidu gene
aabb ¢6 chifu cao 100 cm. Hai ¢iy cao nhit vdi kidu gene AABB ¢6 chidu cao bao nhidu?



Bai 3. Cap s6 nhén

Tir khoa: Cap s8 nhan; (6ng bdi; Téng cta n s6 hang dau tién,

Mét qua béng roi tif mgt vi tri c6 dd cao 120 cm. Khi cham dat, n6 ludn ndy lén dd cao
bang médt nlia d6 cao cda 1an roi trudc do.

Goi u, = 120 |a d6 cao cha lan roi dau tién va u,; u,; ..; u,; ... 13 d6 cao clia cac lan roi
ké ti&p. Tim 5 s6 hang dau tién clia day (v ) va tim diém dacbiét clia day sé dé.

1. Cap s6 nhan
Q a) Tinh throng ctia hai s6 hang 1ién tiép trong diy s6: 2; 4; 8; 16; 32; 64.

b) Tim diém giéng nhau ctia che diy s6 sau:
1) 3;6; 12828718 1) 1; l; l; l; L 1) 2; —6; 18; —54; 162; —486.
2 4 8 1le
® Cép 6 nhan 13 mot diy sb (hitu han hodc vo han) ma trong d6, k& tir s& hang thir hai,
mdi s hang déu béing tich ctia sé hang ding ngay trrde nd voi mét s6 g khong ddi, nghia 13:

U, =u.qvoi ne N,

P

S0 g dwoce goi la cdng boi clia cap sO nhan.

Vidut:

Tim s0 hang dau va cong boi cua cac cap so nhan sau:

a3 6112 240481 0 b) 1;—1; l; —l; L;

i Y BEED0:
2" 4 B 16



Gidi
a) Dy s6: 3, 6; 12; 24; 48; ... 1a cAp s6 nhin véi u,=3vacong bdig=2.
11 1 1

b) Diysd: 1 ——: —; ——: —:... 1 cAp s6 nhan voi u, = 1 va cong bdig=——
) Day - b p 1 g bdig

¢) Dy s6: 9;9;9; 9, 9,... 1a cp s6 nhén véi u, =9 vacong bl g=1.
Vi dy’2. T’rong cac diy sb sau, diy s6 nao 1a cap sb nhan? Tim s hang dau va cong béi
clia cap sO nhan do.
4y TilT: 121512321 1234321 by1,-1;1;-1; 1. )48 12,16
Gidi
a) Day sd: 1; 11;121; 12321, 1234321 1a cap sd nhan véi s6 hang dauz, = 1 va cong boi
g=11.
by Day sd: 1; —1; 1; —1; 1 14 cap s6 nhan vdi sb hang dﬁuu1= 1 va cong bdi g =-1.
¢) Dily s6: 4, 8; 12; 16 ¢6 2% nan khéng 14 ¢Ap s6 nhan.

L

Vi dy 3. Cho pé‘,p s6 nhan: 1; 10; 100; 1000; 10 000. Bidu dién s6 hang 10 va 100 theo
hai so hang ké no.
Gidi
Tacé: 10°=1.100; 100 =10.1000.
Chii y: Day s0 (u,) 1 cAp s6 nhan thi

. itk
Ul VOl D

Cho ba 6 ty nhién m, np theo thir t: 14p thanh cap s6 céng. Chiing minh ba s6 27, 27, 22
theo thit tir 14p thanh cp s6 nhan.

@”1 Mot quéo gia ¢6 dan s6 nam 2011 laP tri{?lu nguol. Trong 10 nam ﬁc’%lp theo, mdi nim
dan so ting a%. Chung minh ring dan s6 cac nam tir nam 2011 dén nam 2021 cua
qude gia dé tao thanh ¢ip sb nhin. Tim ¢dng bdi ¢lia cip s6 nhén nay.

{ :2 Téan s6 cua ba phim lién tic:ép Spl, La, S1 t;[‘él} mé{t l M1 l
cay dan organ tao thanh cap so nhén. Biét tan so .
ctia hai phim Sol va Si lan luot 14 415 Hz va 466 Hz
(theo: https:/Aiwikipedia.org/wiki/Dd_(nét nhac)). Hinh 1
Tinh tan s6 cta phim La (lam tron dén hang
don vi).



2. S6 hang téng quat clhia cdp sé nhan
Q Cho cap s6 nhan (u,) co cong bdi ¢. Tinh u,, u,, 1, va u,, theou, va g.
Pinhli 1

Néu mot cap s6 nhan (u,) c6 s6 hang diuw, va cong béi g thi s6 hang tong quat «, ctia
no dugc xac dinh bdi cong thire:

- -1
o g

Vi du 4. Cho cap s6 nhin ¢6 8 s6 hang, s6 hang dau la 4374, s6 hang cudi 14 2. Tim
cébng bdi etia cap s& nhan do.

Gidi
Ta cou, = 4374 viu, = 2. Goi g la cong bdi clia cap s6 nhan nay, ta ¢o:
2 1 Y 1
w=u, ghsuyrag = B8=_—° -~ || dodég=—.
T AR T T 74 2187 [3) .

Viét cong thite s6 hang tong quat u, theo s6 hang dau u, va cdng bdi ¢ clia céac
cap so nhan sai:

1 1 1 1

a) 5, 10; 20; 40; 80; ... by 1

1071007 1000° 10000

Chu ki ban 18 etia nguyén t6 phong xa poloni 210 1a 138 ngay, nghia 1 sau 138 ngay,
khoi luong etia nguyén to d6 chi con mét nita (#heo: https://vi.wikipedia.org/wiki/
Poloni-210). Tinh khéi Iwong con lai ctia 20 gam poloni 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nim).
3. Téng clia n s& hang dau tién cha c¢dp sé nhan

Q Cho cAp sb nhan (u,) ¢6 cong bdi q. Dat S, =u, +u,+ ... T u,

a)Sosanhgq.S va(u,Tu, +.. . Tu )+ q.u, b) Sosanhu, +¢.S, va S, +u, .q"
Pinh i 2
F  Gia sit (u,) lamdt cdp s6 nhan co cdng bdi g # 1. Dat S, =u, +u, + ... + 1, khi d6
¢ _md—-9)
3 l—q

Chiy: Khig=1thi S,=#n. u,.



Vi du 5. Tinh tong 10 s hang dau tidn clia cap s6 nhan (i) ¢6 s6 hang dau u, = 1 va
cong boi g = 2.
Gidi
Ml( 5 gn)

_Alo
Ap dung ¢bng thite §, =———, taco S, =M

1
=21 _1=1023.
l—g =

% Tinh tdng 7 $6 hang d4u tién ctia cap s6 nhan (u,) trong cac truong hop sau:
aAu =10,9g=0,1,n=35, b)u, =10, u=-20,n=>5.

P R

Cay

(€7, Trong bai toan & ») ddu bai hoe, tinh téng cac do cao clia qua bong sau 10 lan roi déu tidn,
m.

BAI TAP

1. Trong cac day s0 sau, day so nao la cap s6 nhan?

|
a) u, = 3(-2)" bl Sl c)q "
U, =2u +3
2. Tim 6 hang d4u va cong béi ctia cap s6 nhén (u,), biét:
5) u,—u =15 b) =i+ =65
U, —tt; = 6} u, +u, = 325.

3. a) Sb do bbn gbe clia mot 1t gide 14p thanh cip sb nhan. Tim sb do ctia bbn gde dé biét ring
s6 do ctia goc 1on nhit gép 8 14n s6 do clia gde nhéd nhit.
b) Viét sau s6 xen gifta che s6 —2 va 256 d& duoe cap s6 nhan ¢d tam s6 hang. Néu viét tiép thi
56 hang thi 15 14 bao nhidu?

4. Basd bfaj %, zic theo tht tir 14p thanh cép s6 céng. Ching minh rang ba s6 a, b, ¢ theo
thar tir lap thanh cap so nhan.
5. Tinh cac tong sau:
a)Sﬂ=1+l+i+...+i; B).S: =94 0900504 . #0990
3 3 3" ——

mchirs 9

6. Mét loai vi khuin dwge nudi cay trong phong thi nghidm, ¢t mdi
phut sb luong lai tang 18n gép d6i sé lwong dang ¢o. Tir mot vi
khudn ban diu, hiy tinh téng sb vi khudn ¢o trong éng nghidm sau
20 phut.

Hinh 2



7. Gia st mét thanh pho ¢6 dan sb nam 2022 14 khoang 2,1 tridu ngudi va toe d6 gia ting dan
56 trung binh méi nam 14 0,75%.
a) Du doan dan sb ctia thanh phd do vao nim 2032.
b) Néu tbe dd gia ting dan s6 van gift nguyén nhu trén thi wde tinh vao nim nao din sé cla
thanh phé do s8 ting gap dbi so véi nam 20222

8. Trong trd choi mao hidm nhay bungee, mdi 14n nhay,
ngudi choi s& duge diy an toan ¢é tinh dan hdi kéo nay L& ?
nguoc 18n 60% chiéu sdu cda et nhay. Mot nguoi choi
bungee thue hién cunhay dau tidn ¢6 db cao nay ngugc
lénla 9 m.

a) Tinh dé cao niy nguoc 18n cla ngudi dé & lan niy |
thi ba.

b) Tinh tong cac dd cao nay nguoc 1én clia ngudi do

; . Hinh 3
trong 5 lan nay dau.
CAU HOI TRAC NGHIEM
Chon phuong an din g
e & 3. Cho diy sb () véiu, = ”*; Phat bifu
i+
1. Cho diy sb (u,) v6i u, = nn_l. Ba s6 nao sau day dung?
hang ddu tién ciia ddy sb (u,) lin uot 14 A. Dy 56 tang va bi chan.
L3 100 B. Diy s6 giam va bi chir.
Ao B e C. Dy sb giam va bi chan dudi.
o g 12 3 D. Déy sb giam va bi chin trén.
C.—, — —. Bosingt — . : .
24125 2328 4. Cho cap 0 c¢dng (u,) ¢6 s0 hang dau u,,
L1 1 11 cdng sa1 d. Khi do, voi n = 2 ta co
2. Cho diy so: TEEE Auz=u+d B.u,=u, +(n+ 1)d
S6 hang tong quét cta diy s6 nay 1a Cou=u—(n-1)d. D.u=u+(n-1)d
A u : nl+1 B.u = :}+1' 5. Cho cép $d cong (1) cou, =3 vau,=-1.
303 3 Khi do
Cou :3%_ D. :3”1_1 Au=4 B.u,=2.
C.uy=-3. D.u,=7.
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6. Cho cip sb cong (u,) cO 6 hang dau
u, =—1 va cdng sai d=13. Khi 6 S, bang

A1l B. 50.
C.10. D. 25.

7. C6 bao nhidu sb thue x d& 2x — 1; x;
2x + 1 theo thit tw 14p thanh cip s6 nhan?

Al B. 2.
8. D. 4.
8. Mot tam giac ¢o s6 do cace goe 1ap thanh

cap s6 nhin ¢ cong béi g = 2. S6 do cac
gbe clia tam giae do lan lugt 1a

6 3 2 5 NSRS
C. E; 2_11; ﬂ D. E;2—“;4—7[.
6° 6 06 B i

BAITAP TU LUAN
9. Xét tinh tang, giam clia ddy s6 (i) véi

3 -1
u,= ;
211
10. Xét tinh bj chin cfia diy s6 (u,) voi
2n+1
u, = ;
1+2

11. Tim s0 hang dau #, va cong sai d cua cap
s0 cong (u,), biét:

Suy+10us =0 fohy 24 =60
8, =iy u, +ul, =1170.

12. Tim sb hang dau u, va cong bdi g cua
cap s6 nhén (u,), biét:

u. =96 +u, =72
a) 5 ) | b) U, TU,
u, =192, s +u, =144,

13. Gia st mét quan thé déng vat & thoi didm
ban diu ¢6 110 000 c4 thé, quin thé nay
c6 i 18 sinh 14 12%/nam, xuat cwr1a 2%/nam,
tr vong 1a 8%/mim. D doan sb ¢ thé clia
quan thé d6 sau hai nam.

14. M6t cay dan organ ¢6 tan s6 am thanh
cac phim lién tiép tao thanh mét cép sb
nhan. Cho biét tAn $6 phim La Trung 14
400 Hz va tan sb ¢fia phim La Cao cao
hon 12 phim 1a 800 Hz (nguén: https:/
vi.wikipedia.org/wiki/Organ). Tim c¢dng
bdi clia cap $6 nhén ndi trén (lam tron
két qua dén hang phan nghin).

15. Dan $6 Viét Nam nam 2020 14 khoang
97,6 tridu ngudi (theo Nién gidm thong ké
ndm 2020). Néu trung binh m&i nim ting
1,14% thi udc tinh dén s Vidt Nam nam
2040 la khoang bao nhiéu ngudi (lam tron
két qua dén hang tram nghin)?



Chuong il GIGI HAN. HAM SO LIEN TUC

Trong chucng nay, ching ta sé tim hiéu vé mat phép todn mdi: phép toan gidi han. Nhé phép todn nay, nqudi ta
xay dung nén nhitng khai niém co ban cia Giai tich todn hoc nhu tinh lién tuc, dao ham va tich phan.

Ndi dung ciia chuong ndy gém: gidi han ciia day s6, gidi han cdia ham sé va tinh lién tuc cia ham sé.

Qud frinh tao ra mot hinh fractal

- Nhén biét dugc khai niém gi&i han cta day s6, van dung céc gidi han co ban va cic
phép toan gidi han dé tim gidi han mét s6 day s6 don gidn.

- Tinh dugc toéng clia mdt cap s6 nhan lui v6 han va van dung vao gidi quyét nhiing
van dé trong toan hoc va cudc séng.

- Nhén biét khai niém gi&i han hru han, gidi han mdt phia cia ham s6 tai mét diém, tai
v cuc, gidi han vé cuc clia ham sétai mét diem thdng qua xét mot s6 gidihan co ban;
tinh gi&i han clia ham s6 bang cach dung nhiing gidi han co ban va cic phép todn
trén gidi han ham sd; gidi quyét dugc mot s6 van dé thuctién gan vdigidi han ham sé.

- Nhin dang dugc ham sé lién tuc tai mét diém, hodc trén mot khodng, hodc trén mét
doan; nhan biét tinh lién tuc ca téng, hiéu, tich, thuong clia hai ham sé lién tuc, tinh
lign tuc clia moét s ham sb so cap co ban.
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Ba

i 1. Gi6i han ctia day sé

Tirkhod: Gidi han hitu han clia day s6; Tong cGa cdp s6 nhan Ui vd han.

Khong thé nhuvay dugc, vi

06< g; 0,66 < g; 0,666 < g;
3 3 3

$&thap phan
v& han tuan hoan 0,666, ..

2 .
vasd g 13 hai s6 bang nhau.

1. Gié¢i han hitu han cia déy sé

Gidi han 0 caa day s6
;1 Cho diy sb () w6t 2y, = =2
i?

a) Tim céc gi tri con thiéu trong bang sau:
n 10 20 50 100 1000
0,1 0,05 0,02 ? ?

i

b) Véi z nhu the nao thi fu | bé hon 0,01; 0,001?
¢) Mot sb sb hang cua day b duoc bidu didn trén truc s6 nhw Hinh 1.

i ug
i Uy U W oWy U,
; ; ; ft =t ; —>
-1 0 1
Hinh 1

Tt cac két qua trén, ¢6 nhan xét gi vé khoang cach tir diém 2, dén diém 0 khi » trd nén
rat 1on?

Ta noi diy s6 (u,) cé gioi han 0 khi n din téi duong vo cye, néu |u nhé hon
mdt s6 duong bé tuy ¥ cho trude, k& tir mot s6 hang nao d6 tré di, ki hidu lim z, = 0
hay u, — 0 khi 7 —> +oo. Ta cén viét 13 lim 2, = 0. o

Vidu 1. Véi diy s6 u, = CD ) AQ, sir dung dinh nghia, chiing t6 rang lim u, = 0.
I
Gidi 1
Vi s6 thue duong d bé tuy v cho trrde, 1ay s6 tr nhién N sao cho N> —. Khi do, voi moi
s6 tur nhidn z sa0 cho 2 = N, ta ¢d |u, :‘(_1) zlgi< d.
i n N

Theo dinh nghia, lim#,= 0.



Ta thira nhan mét sb 2161 han co ban dudi diy. Chiing thirong duwge sit dung dé tim 2101 han
ctia nhidu diy sb khac.
9 1 3 A b
* lim—-=0, vdi knguyen duong bat ki.
7

o limg” = 0, vdi ¢ 14 s6 thue thod mén |g| < 1.

Vi du 2. Ap dung gidi han co ban, tim lim L —,
J3)

Gidi

Ta co ! :[LT.
3 (B

Do :L<1 nén lim%zlim[ij =
(V3)

1

‘«/3‘ 3

Q;l Tim cac gi01 han saw

1 Ee!
. A : 3
lim—; b) lim| —= | .

a) 1mn2 ) 1m[ 4}
Gidi han hiru han cia day sé

Cho déy s6 (u,) voi u, =
a) Cho diy s6 (v,) voi v, =u, — 2. Tim giéi han lim v,

b) Biéu dién cac didm u,, u,, 1, 1, trén truc s6. C6 nhan xét gi veé vi tri ctia cac didm u,
Kkhi 7 trd nén rat 16n?

*  Tandi diy sb (i) cd gidi han hitu han 1a s6 a (hay u, din t6i @) khi » dan t6i
chrong v ctre, néu lim (u, — @) = 0. Khi d6, ta viét lim #, = a haylim,—a hay u, — a

. h
khi 72 — +o0. 2

Chii y: Néu u, = ¢ (¢ 13 hing s6) thi limu, =lim ¢ = ¢.

2
Vi dy 3. Ding dinh nghia, tim gi¢i han lim 3’12” .
Gidi
§ 3n’ +1 ) 1 1
batu,= ———. Tacou,=3+— hay u, -3=—.
n ! n n
Suy ralim (#,—3) =lim—=0.
i
3n2+1_

Theo dinh nghia, ta co lim %, = 3. Vay im———=3.
7
% Tim cac gi61 han sau:
a) lim{%{%] J; b) lim[1_4n].

¥



2. Cac phép todn vé gi¢i han hiru han clia déy sé

3n’ +1_3.

1 ?’I

(3 trénta da biét lim [3 + i} lim

2) Tim che gioi han lim 3 va lim
o3

‘o Lo |
b) T d6, néu nhin xét vé lim [3 +i2] va lim 3 + lim—-.
n R
Pé tim giéi han hitu han clia diy s6, ngudi ta thwong van dung cac phép toan vé gidi han
hitu han cia day sd.

¥ Cholimu, =g, limv, =b vé ¢ 14 hing 6. Khi d¢:

sl & vy=a2 =D elim(u, —v)=a-b

elim(c.u)=c.a e lim(u,.v,)=a.b

°limu—”:§(b;t0) e Néuw,>0, Vn e N* thi a > 0 v limfu, =va
v

H

Vidu 4. Tim cac gidi han sau:

3n+2 A9 +1

a) lim : b) lim
2n—1 i
Gidi
9
F s
a) Ta co S ?11
1
- 4 3+2.l lim[3+2-l] 1im3+211ml o, o 3
Tirdo lifod £ L8 e 1” ' 2 AN |
Zn—1 P ]im[Q——] lim2-lim=~ 2°0 2
#1 1 1

2 2 2
B3 To o6 Jor +1:J9n +1_ [on 2+1:‘/9+L2.
. N .

n
T do im———— 2 9+—:‘jﬁm[9+i2]:J]im9+limi2:\}9+0:3.
7 n
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% Tim cac gi61 han sau:

2 2
2] T2 2100, it |
i +1 7




3. Téng clia cdp s6 nhan lui vé han

g? T1r mot hinh vudng ¢o6 canh bﬁng 1, t6 mau mot mra

hinh vudng, réi t6 mau mdt nita hinh con lai, va ct

L ! M.

tiep tuc nhw vay (xem Hinh 2). ! iy |4
b I C :

a) Xac dinh dién tich #, ctia phan hinh duge t6 mau q ! _ u,

lan thirk (k= 1,2, 3, ...). loa

b) Tinh tdng dién tich S, ctia phin hinh dwge t6 mau t'\ "

saulantothin (n=1,2,3, ...). ;

¢) Tim gidi han lim S, va so sanh gidi han nay vai T T

dién tich hinh vuéng ban dAu. o

Xét cap s6 nhan v6 han () ¢é cdng bdi ¢ thod min |g| < 1.

A 7 7 5 e A s
Tong S, cua # s0 hang dau cta cap sO nhan nay la:

1_ H
S =t R = i = "
=g  l—g =y
Vi |g| < 1 nénlim ¢"=0 va do do
limS, =4 - fimg'=-2 - % g="4
| =g =5 k=g =g =g

Gidi han nay duge goi 14 tong ctia cap s6 nhan (u,), ki hidu la
T T e N B
¥ (Cép sbnhan vé han (u,) 06 cdng bdi ¢ thoa mén |g| < 1 dwoc goi 1a edp 58 nhdn livi vé han.
Cép s6 nhan 1t v6 han nay ¢6 tong 14

Ml )
l1-¢

S b, 8 She A s

VI du 5. Tint tng ctia chp 86 shan T vo han: 1-2+ L Lo o[ 114
1716 6a s

Gidi

Téng trén 14 tbng ctia cap sb nhan [t v6 han ¢o s6 hang dﬁuulz 1 vacdng bdig = —i nén
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Vi du 6. Biét ring c6 thé coi s6 thap phan v6 han tuin hoan 0,666. .. 14 tdng clia mdt cap
s6 nhén 1t v han:
0,666...=0,6+006+0006+..= 0,6+0,6.%+ 0,6.%4—....
Hiy viét 0,666... dudi dang phén sb.
Gidi

S60,666... 1 tbng ctia cip s6 nhan i v6 han cb s6 hang dau bang 0.6 va céng bdi bing %
Do d6 0,666...= 0.0 :é:g-
ek, B B

10

2 I
@4 Tinh tdng ctia cp sénhﬁnlﬁivéhan:lnL%Jr(%j ++[%j + ..

i)

£ Tito gidy, ¢it mét hinh tron ban kinh R (em) nhu Hinh 3a. Tiép theo, cét hai hinh

trén ban kinh % 16 chéng 18n hinh trdn du tidn nhw Hinh 3b. Tiép theo, cit bén hinh
. . I R L LY ~ I

tron ban kinh & ro1 chong 1€n cac

hinh trude nhu Hinh 3¢. Cii thé tiép

tuc méi. Tinh tdng dién tich ctia cac a)
hinh tron.

4. Gi¢i han vé cuc

£5 Dung mdt diy hinh vudng bing cach ghép tir cae hinh vudng don vi (canh bang 1 don vi
d@ dai) theo cac bude nhu Hinh 4. Ki hiéu # (don vi dién tich) la dién tich hinh vudng
dung dugc 6 budc thit #.

1

Bude 1 Bude 2 Bude 3
Hinh 4

a) Vi 72 nhur thé ndo thi o, virgt qua 10000; 10000002
b) Cho hinh ¢6 dién tich 5. V6i 7 nhu thé nio thi 1, vuot qua S?



* Tandi day so (u,) cé gidi han 13 +oo khi » —>+00 néu #, 16n hon mdt s6 diwong bat ki,
k& tir mot sb hang nao do tré di, ki hiéu lim #, = 40 hay u, — +o khi # — +e0.

+ Ta ndi diy so (i) cé gidi han 1a —o khi # — +o0 néu lim(—u,) = +co, ki hidu
lim #, = —o hay u#,— —oo khi # — +w0.

Chii y: Ta ¢6 cac két qua sau;

a) lim u, = 40 khi va chi khi lim (—#,) = —o0;

RT3 =i B Tz, = 1 T =0
i

H

i . e |
¢) Neulim », = 0 vau, > 0 voi mot # thi lim— = 4.
un

Vidu 7. Tim gioi hanlim ¢* voig > 1.
Gidi

T g > 1suyra 0<l<1. Do do, lian:]im[l] =
q q

Ma ¢” > 0 v&l mot1 » nén lim g* = +o0.
Nhan xét:

a)lim*=+w (ke N, k> 1),

b) img®=+w (g > 1).

BAI TAP

1. Tim cac gio1 han sau:

“In+l NI

a) lim 3 b) im———;
i 7
2_
&) lim—1—; @ tim 23
2n+1 2n
2. Tinh téng ctia cic cAp s6 nhan lui v6 han sau:
a) —l+l—l+___+(—lj +... b) lJFLJquL___Jr[l] +..
2 4 8 2 4 16 64 4

3. Viét s6 thap phan v6 han tuin hoan 0,444... dudi dang mét phén sd.
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4.

Tir hinh vudng dau tién ¢6 canh bang 1 (don vi d6 dai), ndi cac trung didm
ctia bon canh d& ¢6 hinh vudng thit hai. Tiép tuc ndi cée trung didm ctia

bén canh ctia hinh vudng thit hai d& duge hinh vuéng thit ba. Ctitiép tuc
lam nhw thé, nhén duge mdt diy hinh vudng (xem Hinh 5).

&

a) Ki hi¢u ¢, 1a dién tich ctia hinh vubng thir 2 va S 1a tong dién tich
clia # hinh vuéng dau tién. Viét céng thic inh a,, S, (r=1,2, 3, ...)

?23 L

va tim lim S, (g161 han nay néu ¢o duge goi 14 tong dién tich cla cac RS

hinh vudng).

b) Ki hiéu p,1a chu vi ctia hinh vudng thit 2 va Q, 1a tdng chu vi ctia # hinh vud
Viét cong thite tinh p, va O, (n=1, 2, 3, ...) va tim lim ©, (gidi han nay néu ¢o
tong chu vi cia cac hinh vudng).

. Xeét qua trinh tao ra hinh ¢6 chuwvi v6 cuc va dign tich b%'mg 0 nhu sau:

Bit dAu bang mét hinh vudng H, canh bang 1 don vi dd dai (xem Hinh 6a).
vudng H, thanh chin hinh vudng bang nhau, bé di bén hinh vudng, nhin dwgc hinh H,
(xem Hinh 6b). Tiép theo, chia m6i hinh vuéng ctia A, thanh chin hinh vuéng, 161 bé di
bbn hinh vuéng, nhan duoe hinh H, (xem Hinh 6¢). Tiép tuc qua trinh nay, ta nhin dwoc

mot day hinh H, (n=1, 2, 3, .

a) b) 0) d)
Hinh 6
5 sl
Ta ¢O: H, ¢o 5 hinh vuéng, mat hinh vudng co canh bang 5;
H, ¢6 5.5 =5 hinh vubéng, mdi hinh vudng ¢é canh bing 1 %—31—2;

|
Tir d6, nhin duge H, ¢6 57 hinh vudng, méi hinh vudng ¢6 canh bing —.

3??
a) Tinh dién tich S, ctia A, va tinh lim S,
b) Tinh chuvip, cia H vatinh limp, .

(Qua trinh trén tgo nén mot hinh, goi la mot fractal, dwoc coila ¢6 dién tich im S, va

chu vilimp,).

ng du tién.
duoe got la

W

Chia hinh



. e 7 o o | A\ ar
Bai 2. Gidi han cua ham so6
Tir khoa: Gidi han hiiu han cia ham s tai mét diém; Gigi han mét phia ciaham s§;

Gidi han hitu han clia ham sé tai v6 cuc; Gidi han vé cuc clia ham sé.

@ Quan sat hinh bén, cho hiét hinh chii nhit

Y A
OHMK thay ddi nhung diém M ludn nam
trén d6 thj cha hamséy = l: (x>0).

x K

Dién tich hinh chit nhdt sé thay ddi nhu thé
nao khi diém H tién gan dén goc toa d6?
Khi H tién xa sang phia bén phai thi sao?

2k

1. Gi&¢i han hiru han ciia ham sé tai mét diém

2x' -2

x—1

Xét ham s6 y=flx) =

a) Bang sau ddy cho bift gia tri ctia ham sb tai mdt s6 diém gin didm 1.

x| 0 0509 [099]0999| 1 |1001|101| 11| 1,52
fol 2 3 | 3,8 |398398 | || |4002]402]| 42| 5 |6
C6 nhan xét gi vé gia tri etia ham s6 khi x cang gan dén 1? ¥4 -
b) O Hinh 1, M 14 diém trén d6 thi ham s6 y = Ax); Hva P 70
lan ot 1a hinh chigu cia M trén truc hoanh va truc tung. 4 /:
Khi didm H thay di gin v& diém (1; 0) trén truc hoanh thi VT
diém P thay d8i nhur thé nao? !
| T _
ol 1 x
Hinh 1

Xét him s6 & A4 . Ly dily s6 (x ) bt ki sao chox, # 1 valimx = 1. Ta c6
2x. -2 2(x,+D(x,-1)

X ] 2,

fx,)=

= 2ok

Do do, lim fx ) =lim (2x, + 2)=2limx, +1lim2=2.1+2 =4,
Tandi ham sd y = flx) ¢6 gidi han 1a 4 khi x dan t6i 1.
Dudéi day, ta viét 1a khoang X thay cho céc khoang (a; b), (—0; b), (@, +o0) hay (—o0; +0).

n



¥ Cho diém x, thudce khoang K va ham 6 y =f(x) xac dinh trén X hodc K\ )
Ta néi ham sb y = f(x) c6 gi¢i han hitu han 13 s6 L khi x dan t6i x, néu véi diy s6 (x,)
bat ki, x, € K\ {x}vax, —>x, thi f{x)—>L, kihéu limf(x)=L hayf(x) > L
khi x — x,,. o
x4

Vi du 1. Cho ham s6 fx) =
x+2

. Tim lim /().
Gidi
Ham s6 y=f(x) xac dinh trén R \ {-2}.
Gia st (x,) 1a diy sb bat ki, thod man x, # —2 véi moi 7 va x, — —2 khi n — +o0. Ta ¢6
. o Ml —IN0E A2Y . .
lim flx, ) =1lim %o = lim o~ 20 lim(x, —2)=limx,—lim2=-2 -2=-4.
e oRE i

Vay ]1'1'{'12 Flxy=—4.

Nhén xét: lim x=x,; lime = ¢ (¢ 14 hiing s0).
=%

X=X

. A : . X 4+2x+1
[l Tim cac gioi han sau: a) lim (2x° — x); b) lim ik i
> 3 x—s—1 )

2. Céc phép todn vé gi¢i han hiru han ctia ham sé

ng Cho hai ham s y=F() = 2x va y = g(x) = .
x+1
a) Gia st (x,) 1a ddy so bat ki thoa man x,# —1 véimoi nvax, — 1 khi n— +o.
Tim gioi han hm [ fx) + g(x )].
b) Tir do, tim gid1 han ]E}I’ll [f(x)+ g(x)], va so sanh vai lxlil’ll flx)+ ]E)rll g(x).

Tir chc phép toan vé gidi han hitu han ctia diy s6, ta nhan duoe cac két qua sau day:
¥ 2) Cho lim 7(x) =L va lim g(x) = M. Khi do:
x—)xo x%xu
s lim[f(x)+g(x)]=L+M
= Ll scn Sl = e
= el seali= st

e L
11_1):2 g(x)_M (voL M # Q)

b) Néu f(x) = 0 va lim f(x)=L thiZ >0 va lim,/f(x) =+/L.
x—2y X—2g
(Dau ctia f(x) dirge xét trén khoang tim gidi han, x # X

m




Nhan xét:
a) lim x* = x", k1a so nguyén duong;

T

b) hm[cf(x)] = hm F(x)(c € R,néutdntai lim f(x) € R).

x—=lg

Vi du 2. Tim céc gidi han sau:  a) lim(x* — 4x+2); b) 111'1'1 - .
x—s1 =2 2x+1

Gidi
a) lim (x* —4x+2) = hmx —lim(4x)+1lim2=1* —4limx+2=1-4.1+2=-1.

s x—=1 r—sl x—sl

3x—2 11II’1(3JC 2) 3]11’]_’136 2 3 i I 2 4

b A — Xl x—s2

im ;
=1 2x+1 11II’21(2x+1) 2hr121x+1 2.241 5

2 _— —
Vi du 3: Tim cac gio1 han sau:  a) 111'1;1 24; b) 111'1:31—‘%132_
r—= X — r— x—

Gidi
2
2) lim™ =2 - [ im(x+2) = limx+lim2=2+2=4.

=2 72 132 N x32 x—>2

C xrl-2 (\/x+1—2)(-\fx+1+2)
b) im———=lim
P -4 =3 (x—3)(Vr+1+2)
i Tr]) = |
x—)B(x 3)( /.?C‘f' +2) x—)3,"x+1+2
1
_]im(\/x+1+2)_]im~./x+1+2

x—3

e
/lgt}(x+1)+2 f11mx+1+2 \/3+ 1+2 4

i, Z oy
J, Timcho gidi han saw @) lim (+* + 55— 2); Ayl

=l oy —1

(nhan ¢ t va mau voi Jx+1+2)

3. Gi¢i han mét phia

W

ﬁ Gi4 cude van chuyén buu kién gitta hai thanh phd do mot don vi cung cap duge cho béi

bang sau:
Khoi lwong buu kidn (100 gam) Gia cude ¢in vung (nghin dong)
dén 1 6
trén 1 dén 2,5 i
trén 2,5 dén 5 10
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Néu chi xét trén khoang tlr 0 dén 5 (tinh theo 100 gam) thi ¥ A

ham s6 gia cude (tinh theo nghin ddng) xac dinh nhur sau: 10
6 khi xe(0;1] y=4x)

Fx)=<7 khixe(;2,5] 7~
10 khi x (2,5, 5].

D thi ctia hém s6 nhuw Hinh 2.

a) Gia str (x) 14 dily s6 bat ki sao cho x,  (1;2,5)

valimx, = 1. Tim lim fix ). ol 1 25 5

L]

w ¥

b) Gia st (x) 14 dily s6 bat ki sao cho (x') € (0; 1) Hinh 2
valimx' = 1. Tim lim f(x).

¢) Nhan xét vé két qua 6 a) va b).

e Cho ham s6 y = £(x) xac dinh trén khoéng faah]
Ta noi ham s6 y =f(x) c6 gidi han bén phdila s6 L khi x dan téi x, néu véi day s6 (x,)
bat ki, x, <x,< bvax, — x, thif(x) —> L, ki hidu lim f(x)=L.
Xy
e Cho ham s6 y = f(x) xéc dinh trén khoang (a; X!
Tandi ham s6 y = f(x) c6 gioi han bén trdi 1a s6 L khi x dan toi x, néu voi diy s6 (x,)
bat ki, @ <x, < x, vax,— x, thi fix) — L, ki hiéu lim £(x)=L.
X—x
Chiy:
a) Ta thira nhan cac két qua sau;

o lim f(x)=L va lim 7(x) =L Khi va chi khi lim f(x)=L:
I—sxg T—sip

X%XD
e Néu lim f(x) # lim f(x) thi khong ton tai lim f(x).
b) Céc phép toan vé gidi han hitu han ctia ham s6 & Muc 2 van diing khi ta thay x — x,
bing x — x; hoicx — x;.

0 khix<0

Vi du 4. Cho ham sb -
: /) {1 khi x > 0.

a) Tim cac gio1 han lim f(x) va lim f(x).
-0 x>0

b) C6 ton tai gidi han lim /() ?



Gidi
a) Gia str(x,) la day sO bat ki,x,>0vax,— 0. Khidoflx)=1nénlimf(x)=lml =1.
Vay lim f(x)=1.
x—s0"
(14 six (xm) la day so bat ki, x,<0 va x,— 0. Khi dé-f(xn) =0 nén limf(xm) =1lim0=0.
Vay lim f(x)=0.
x—=0"
b) Vi lim f(x)# lim f(x) nén khong ton tai lirrﬂl f(x).
x— 0" 0" T—s
; 1-2x khix<-1
Choham so f(x)=
% /(=) {x2+2 khi x> —1.
Tim cac gidi han ]in'11+ FK)s ]iI’I’ll_ fix) va ]jm1 F(x) (néuco).

4. Gi¢i han hiru han ctia ham sé tai vé cue
ﬁ Cho ham sb £(x)=- ¢6 db thi niur Hinh 3.
X

a) Tim cac gia tri con thiéu trong bang sau:

x 10 | 100 {1000 | 10000 | 100000
y=£() |01 |001] 2 ? 7
Tir db thi va bang trén, cd nhén xét gi vé gia tr A(x)
khi x cang 1n (dan toi +0)? | - =
b) Tim céc gi4 tri con thidu trong bang sau: g *
x  |-100000(-10000|—1000|-100| -10
y =f(x) ? ? 2  [-0,01]-0.1

Tir db thi va bang trén, ¢d nhan xét gi vé gia tri £(x)
khi x cang bé (dan toi —o)? Hinh 3
Xét him sby = f(x) & #4 . Lay diy sb (x,) bt ki sao cho x, # 0 va limx, = +e0. Khi do
lim f(x,) = iy
X,

n

0

* o Cho ham s6 y = £(x) xa¢ dinh trén khoang (a; +).
Ta néi ham s y = £(x) cd gidi han hitu han 14 s6 L khi x — +oo néu véi diy 6 (x,) bat ki,
x,> a vax,—> +oo, thi A(x) — L, ki hidu lim f(x)=L hay f(x) — L khi x — +co.
e Cho ham s6 y=f(x) xac dinh trén khoang (—; a).

Ta néi ham s6 y=Ax) ¢6 gidi han hitu han 14 s6 L khi x — —0 néu vai diy s6 (x,) bét ki,
x, <avax,——o,thi f(x)—>L, Khéu lim f(x)=L hay fix) > L khix - —o.

s T



WS o AR Fy—
x+2

Gidi
Ham s xéc dinh trén (—o; —2) va (—=2; +00).

Gia st (x,) 14 diy 86 sao chox, > 2 va x_ — +o0. Ta ¢6

5 . 2—i 2—liml 5
lim £(x,)=lim =" = lim—" = B
*, 1+— 1+lim— 1+0
xPK x??
on T,
T —s+oa x+2
Chiiy:

a) Voi ¢ 14 hing sb va k14 s6 nguyén duong, ta ludn ¢é:

: : L
lime=¢ va lim=—=0.

r—tom ¥ —>too xk

b) Céc phép toan trén gidi han ham s6 & Muc 2 van ding khi thay x — x, bang x — +
hoéc x — —oB.

2
Vidu 6. Tim lim =~ - =
x-0 Qxt 41’
3
= m|l1-= =
G T = Hw( j e e
T——-m 2 rT—s—m
2x" +1 2+L2 o ] 2+hm% 240 2
X -2 —=-u ¥
2
@” Tim cac gioi han sau:  a) lim 12 =% ; b) lim L
L & xo xt + Dx x4 ]
/”T & R i 3 Z - . iy o 3 i i
] Mot cai ho dang chira 200 m’ mrde méan vl nong do mudi 10 kg/m’. Ngudi ta ngot hoa

nude trong hd bang cach bom nude ngot vao hd véi tde d6 2 m’/phit.
a) Viét bidu thire C(#) bidu thi nng d6 mudi trong hd sau 7 phut k& tir khi bat ddu bom.
b) Tim gidi han r]1'1'1'1 C(r) va giai thich v nghia.



5. Gigi han vé cue clia ham sé tai mét diém

Q Cho ham sb f(x):xl_l ¢6 dd thi nhw Hinh 4. o4

a) Tim cac gia tri con thiéu trong bang sau:

X 1.1 1,01 | 1,001 | 1,0001

y=f@ | 10 | 100 ? ?

Tir d6 thi va bang trén, ¢6 nhin xét gi vé gia tri 7(x) 51 >
khi x dAn téi 1 phia bén phai? \_1 ¥

b) Tim céc gia tri con thiéu trong bang sau:

1
1
1
1
1
|
1

X

x 0,9 0,99 0,999 | 0,9999

y=f@ | -10 | -100 ? ?

Hinh 4

Tir d6 thi va bang trén, ¢ nhan xét gi vé gid tri £(x)
khi x din t6i 1 phia bén trai?

"% Cho ham sb y = £(x) xéc dinh trén khoang (x,; b).

e Ta ndi ham s6 y = £ (x) ¢6 gidi han bén phdila +o khi x — i, vé bén phai néu voi
ddly s6 (x,) batki, x, <x,< b vax, > x,, thi £(x,) — +o0, ki hiéu lim f{(x) = +e hay
fx) > +oo ki x — x]. j

e Ta ndi ham $6 y = £(x) ¢6 gid¢i han bén phdila —o khi x —> x, vé& bén phai néu vdi
ddly 56 (x,) bat ki, x < x, < b va x, — xy, thi f(x,) > —0, ki hiu lim f(x)=—c hay
fx) > —okhi x—x;. ”

Chay:

a) Cac gioi han lm f(x)=+o, hm f(x)=—w, lim f(x)=+e, hm f{x)=—o0,
Lm f(x)=+w, im f(x)=-w© dugc dinh nghia twong tir nhwr trén.

b) Ta ¢o cac gidi han thirong dung sau:

e lim =40 va lim
x—)a+_x—g x—sa X —

=8 (@<l R

e lim x* = +o0 vdi k£ nguyén duong;

X—tco

e lim x* = +c0 néu k14 so nguyén dwong chin;

A—C0

e lim x* = —0 nu kla s6 nguyén duong 18.

X——0

Fi



L3
-

~

{
L&

¢) Cac phép toan trén gidi han ham 6 efia Muc 2 chi ap dung dwoe khi tat ca cac ham s
duge xEt ¢6 gidi han hitu han. Vi gidi han vo cue, ta ¢o mot sb quy tic sau day.
Néu lim f(x)=L =0 va lim g(x) =+ (hodc lim g(x)=—0) thi lim[f(x). g(x)]

X—)XS—

duoe tinh theo quy tic cho bdi bang sau:

lim 7(x) lim g(x) lim [£(x) . g(x)]
X% X =X
+on +o0
L>0
—oh —0
+oo —o0
L <0
—0) +oo

Céc quy téc trén van ding khi thay x; thanh x, (hoéc +eo, —0).

Vidu 7. Tim cac gi61 han sau:
8] Ty b) lim (2 +1).
x—s2t xX— 2 X—s—to
Gidi
a)Tacod lIlm(1-2x)=1-2limx=1-2.2=-3; lim 1 =+,
P x—s2 x—s2t sl 2

Do do lim G2t GRS el | 465
y—»3* a3 sl x—2

2 X—p—Co T—z—02 2 2

X x -

& 1 .
b) Viet x* +1=x" (1+—]. Taico lim x* =+ lim(1+i]:1+ ]imL:1+0:1.

Do d6 lim(x* +1) = lim [xz [1 + %H =,
x

L——u2 T——0a

Tim cac gi61 han sau:

2) lim . b) lim (3x—1).

a3 x— X —3+00

Xét tinh huémg o} /"\ dau bai hoc. Goi x la hoanh dd diém H. Tinh dién tich S(x)
cta hinh chit nhat OHMK theo x. Dién tich nay thay dbi nhu thé nao khi x — 0*
va khix — +oo.



BAITAP

1. Tim cac gioi han sau:
&) im(x’ - 7x+4); b lim Y3 9 m VS

=3 ¢t 0 x—>1 x—

x* khix<1
kh x=1.
Tim cac gioi han ]jrg LX)y lir}] fx); 1i1'1'11 £(x) (néu co).

2. Chohamsb f(x) = {_
X

3. Tim cac gidi han sau:

2
a) lim 4x+3; b) lim £ ; ¢) hm * +1.

e x—— 3y + | I |

4. Tim cac gioi han sau:

2 Tirgre—s b) im(1-2*); o lm"—.
1" x+1 Wit =3 A—x

5. Trong hd ¢é chira 6 000 lit nude ngot. Ngudi ta bom nude bidn ¢6 ndng d6 mudi 14 30 gamylit
vao hd voi toe dé 15 lit/phut.
a) Ching té rang ndng dé mudi etia nude trong hd sau 7 phit k& tir khi bat ddu bom la

30¢
Ci{H) = am/lit).
@ 400—1—1QCDI )

b) Néng d6 mudi trong hd nhu thé ndo néu 7 — +o.

6. M6t thiu kinh hai tu cé tidu ci 14 f >0 khong ddi. Goi d va &' 1an lwot 14 khoang cach tir

vat thit va dnh clia nd t6i quang tm O ctia thau kinh (Hinh 5). Ta ¢6 céng thite: é+ % = %
hay d' = i
d—ff g
Xét ham s6 gld) = ﬁ Tim cac gidi han sau day va giai thich y nghia.
a) im g(d); b) lim g(d).




Bai 3. Ham s0 lién tuc

Tirkho4: Ham sélién tuc tai mét diém; Ham sélién tuc trén mét khodng;
Ham sé lién tuc trén mét doan;
Tinh lién tuc cGa tdng, hidu, tich, thueng cha hai ham sé lién tug;
Tinh lién tuc cla mét s6 ham sé so cap co ban.

/ Hai dé thi ¢ hai hinh dudi day cho biét phi gui xe y clia & té con {tinh theo 10 nghin déng)
theo thdi gian gi x (tinh theo i) cGia hai bai xe. (6 nhdn xét gi vé su thay ddi ca
s tién phi phai tra theo thdi gian gui & moi bai xe?

A YA
4 4
3 3
2 2
1 1
A 0 . V] . : 4 5
a)Baixe A b) Baixe B
1. Ham s& lién tuc tai mét diém v
| 1  khiO<x<1 5
— _ y3S()
1 Chohamsé y=f(x)=¢1+x khil<x<2 A
S5—-x khi2<x <3
¢6 dd thi nhur Hinh 1. ,
Tai mi diémx, = 1 vax,=2, cotontai gidihan lim f(x) -
X—Xg o 1 2 3 v

khong? Néu ¢6, gidi han d6 ¢6 bing f(x,) khong? 5

Cho ham sb y = £(x) x4c dinh trén khoang K v x, € K.

Ham s6 y = £(x) duoc goi 1a lién tuc tai diém x, néu im f(x) = f(x,).

Nhén xét: Dé ham s y = £ (x) lién tuc tai x, thi phai ¢6 ca ba didu sau:
1. Ham s6 xac dinh tai x; 2. Ton tai hm f(x); 3. lim f(x)= f(x,).

-y



Chay:

Khi ham s6 y = £ (x) khong lidn tuc tai didm x, thi ta néi £ (x) gidn dean tai diém x, va
x, duge goi 1a diém gidn doan ctia ham s6 f (x).

Vi dy 1. Xét tinh lién tuc ctia ham s&;

x¥+2 khix>0

_ tai diém x, = 0.
2x khix<0

a)f(x) =¥ — 22+ 3tgi Gidmx, =2, b) f(x):{
Gidi

a)Taco f(2)=3va ]irrzlf(x)zli]_'l_'l}(x2 —~2%4.3)=2%-2 .2 £3=3 duyta lim f(x) = £(2).

Vay ham s6 y = f{x) lién tue tai diém x, = 2.

¥ A

b)yTaco: f(0)=2.0=0,
3l

lim f{x)=1m(2x)=2limx=2 .0=0; 2
x—=0" x—=0" r—0" |
Hm (%) = lim (x* + 2) =087 2% . Tk 10 -
x—0t x—0 | 1 X
Suy ra khong ton tai lim £ (x). / 12
Vay ham s6 y = f(x) khong lién tuc tai diém x, = 0.

Hinh 2

@i Xét tinh lién tuc ctia ham sd:
x+1 Khix>1

_ taidiémxu=1.
2% khix<1

a) f(x)=1 — " tai diemx, = 3; b)f(x):{

2. Ham s& lién tuc trén mét khodng, trén mét doan
ﬁ Choham & 10 Xl GKhpLf e
7 oham 80 y= fi{x)=
2 / k khix=1.
a) Xét tinh lién tuc ctia ham s6 tai mai didm x, € (1; 2).
b) Tim lim #(x) va so sanh gia tri nay véi f(2).
r—sd
¢) Voi gia tri nao cua & thi lim f(x) =7
.o_ 1"
e Cho ham s6 y = £ (x) xac dinh trén khoéng (a; b).
Ham s6 y = £(x) duoc goi 14 lién tuc trén khodng (a, b) néu f(x) lién tuc tai moi diém
trong khoang ay.
e Cho hém s6 y = £(x) xac dinh trén doan [a; b].

Ham s6 £(x) duoc goi 1 lién tuc trén doan [, b] néu f(x) lién tuc trén khoang (a; b) va
lim /(%) = /(a), lim /(x)= /(b).
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3. Ti

s 3

Nhan xét: Do thi ctia ham s6 y =£(x) lién
tuc trén doan [e; 4] 12 mdt duodng lién,
¢6 didm ddu, didm cubi (Hinh 3). Néu
hai didm nay ném vé hai phia so véi true
hoanh thi dudng Liénndi trén ludn cat truc
hoanh tai it nhat mét diém. Pidu nay cé
thé duoc phat bidu duéi dang nhu sau:

Néu ham s6 y = £ () lién tuc trén doan
[a, 5] va f(a) . £(b) <0 thi luén ton tai
it nhat mét diém ¢ € (a; b) sao cho f{c)=0.

) e

d /\ N

7] / c S~ ¥
f@) |-

Hinh 3

Vidu 2. Xet tinh lién tuc cua ham b f(x) =41-x* trén doan [-1; 1].

Gidi

Voimol x, € (—1; 1), taco:

lim £(x) = lim /1 - x* :\/1—1imx2 Um0y
X—=ip X—=Xn X—2Xp

Do d6 f (x) lién tuc tai moi diém e R

Talai co:

lim f(x)= ]iIr11+\/1—x2 = fitim 2 =J1-1=0=7(-D),

x—-1"

liI{:_lf(x):linl:_l\/l—xz = fl-limx* =1-1=0= 7).

x—=1"

Vay ham s6 y = £ (x) lién tuc trén doan [-1; 1] (Hinh 4).

Xét tinh lién tuc cia ham s6 y=+fx—1+42—x trén [1;2].

Tai mdt xwdng san xuat bot da thach anh, gia ban (tinh theo nghin déng) ctia x (kg) bét

da thach anh dugce tinh theo cong thire sau:

4,5x  khi 0<x=<400
dx+ k& khi x =400

P(x) :{

(k14 mot hiang s6).

a) Voi k= 0, xét tinh lin tuc clia ham s6 P(x) trén (0; +<0).
b) Vi gid tri ndo cta & thi ham s6 P(x) lién tue trén (0; +0)?

hh lién tuc ciia ham sé so cap

Cho hai ham s y:f(x):L1 va y=g(x)=4-x.
x_

a) Tim tip xac dinh ctia mdi ham so d3 cho.

b) M&i ham s6 trén lién tue trén nhiing khoang nao? Giai thich.



Nho cac phép tinh trén giéi han him s, c6 thé kidm tra cac ham sb y = f(x) va y = g(x) & J3
lién tue trén timg khoang ctia tp xac dinh ctia ching. Mé réng hon, ta thita nhan céc két qua sau;
o o .
% » Ham s0 da thire y = P(x), cac ham so lugng giac y = sinx, y = cosx lién tyc trén R.
. A ~ . P - A e - ( - A s
» Ham s6 phan thie y = % ham s0 can thirc y = ,fP(x) , cac ham s0 lugng giae y=tan x,
X
y = cot x lién tuc trén cac khoang cua tap xac dinh ctia chiing.
Trong do P(x) va Q(x) la cac da thire.

Nhédn xét: Ham 0 thudc nhiing loai trén duge goi chung la Adm 56 50 c@.
Sau day, khi noi xet tinh lién tue ctia mot ham sO ma khong na gi thém thi ta xét tinh lién tuc
ctia ham s6 d6 trén nhitng khoang ctia tip xéc dinh cta no.

Vi du 3. X¢ét tinh lién tuc cia cac ham s0 sau:

3x'+x—1
a)y=3x—4x*+ 5x + 2; b) yzﬁ.
w2
Gidi
a) y =3x" — 4x* + Sx + 2 14 ham s6 da thite nén nd lién tuc trén R.
3x* +xt

b) y : 14 ham sb phéan thiie, ¢d thp xéc dinh (—eo; 2) U (2; +o0) nén nd lidn tuc

x—2

trén cac khoang (—o0; 2) va (2; to0).

% ¢t tinh lidn tuc ciia ham sb y= o — 4.
xt—2x

@i Chohamsb f(x)=4
a khi x=90.

Tim @ d& him sb y = £(x) lién tuc trén R.

khi x#0

Mot hing taxi dua ra gia cwde Ti(x) (dong) khi di
quang duwong x (km) cho loai xe 4 cho nhw sau:
10000 khO<x<0,7
T(x)=410000+(x—0,7) . 14000 khi0,7< x <20
280200+ (x—20).12000 khi x> 20.
Xét tinh lidn tuc ctia ham s6 7(x).

Hinh 5

4. Téng, hiéu, tich, thwong clia ham sé lién tuc

Cho hai ham s6 y= f(x)= b va y=glx)= Ji—%

x—1

Ham sb y =f(x) + g(x) ¢6 lién tuc tai x = 2 khoéng? Giai thich.



Cho hai ham s6 y = £(x) va y = g (x) lién tuc tai diém x,. Khi dé:

o Cac ham 86 y =f(x) + g(x), y=F(x) —g(x) va y=F () . g(x) lién tue tai Xy

e Hamsb y=2 lian tuo i x,néu glx,) # 0.
g(x)
Vi du 4. Xét tinh lién tuc clia ham s& y="1%
x+1
Gidi

Tap xac dinh ctia ham s6: D = (—0; —1) U (=1} +o0).

lién tuc tai moi diem x, = —1 (hay lién tuc trén cac khoang (—o0; —1) va (-1, +0)).

@5 Xét tinh 1ién tuc ctia cac ham so:

a) y=+x' +143—x;

x4l

b} y= .COSX.
\ - Y

@ ,  Trong mat phang toa d0 Oxy, cho durong tron (C) 1

tim O, ban kinh bang 1. M6t duong thang d thay (€

doi, ludn vudng goc vai truc hoanh, cit truc hoanh

tai diém M ¢6 hoanh d6 x (-1 <x < 1) va cat duong 1

S(x)

C s A . . n . " . i Sin x
Cac ham s0 y = sinx va y=x + 1 lién tuc tai mo1 diem x, € R. Do do, ham s y =

x+1

tron (C) tai cac diém N va P (xem Hinh 6). 5
a) Viét bidu thic S(x) bidu thi dién tich ctia tam gitc ONP.
b) Ham s6 y = S(&) ¢6 lidn tuc trén (—1; 1) khéng? Giai thich.

¢) Tim cac gidi han im S(x) va lim S{x). -1
x—»1" r——1*

Hinh 6

SNR_F

w Y

BAI TAP

1. Xét tinh 1ién tuc ¢lia ham so:

x*+1 khix=0 n x+2 khix=1
a) Fla)= taidiemx=0;, b) f(x)=
) /() {l—x khix<0Q ) /() {x khi x<1
. ﬁ hi % 29
2. Cho ham s0 f(x) =1 x+2 ¥
a khi x=-2.

Tim @ d& ham s6 y = £(x) lién tuc trén R.

B e

tai diémx = 1.



3. Xét tinh lién tuc cia cac ham sO sau:
a) f(x)= —— T b) e(x)=v9—x': ¢) h(x) = cos x + tan x.
o

4. Cho ham sb f(x) = 2x — sinx, g(x) = Y —1.
Xét tinh lién tuc ham s6 y=f(x) . g(x) va y 2,
g

5. Mot bii ddu xe 8 t6 dua ra gia Clx) (déng) khi thoi gian dau xe 14 x (gio) nhu sau;
60000 khi 0 <x<2;
Clx)=4100000khi 2 <x <4,
200000 khi 4 <x <24,
Xét tinh lidn tue ctia ham s6 C(x).

6. Luc hip dan do Trai Bt tac dung 1én mét don vi khéi luong 6 khoang cach » tinh tir tim ctia

nola
GMr
3
Firy=
(r) s

1
P

trong do M 1a khéi lwgng, R 14 ban kinh ctia Trai Pét, G 1a hang s6 hap dan.
Ham s6 F(r) ¢o lién tue trén (0; + o) khéng?

khiO<r<R

khir=R,

BAITAP CUGI CHUONG III

2

CAU HOI TRAC NGHIEM 3. lim> _39 bang:
S s
Chon phuong an dang. A 0. B.6.
1. lian? i C. 3. ( (o il
n 4. Ham s0
AL B. 0. B ¥ 4+2x+m khix=2
@3, D.?2. Fo=%, Khi < 2
2. Téng clia cap s6 nhan i vo han: lién tuc tai x =2 khi
it 1 1 1 - A m=3. B.m=5.
=l+—t—+. . +—+.. :
4 g T e s C.m=-3. D.m=-5.
3 5 o 2A=] 5 s
A = B. = 8y 1 ba
4 4 L
A 2. B. 1.
8.2, D.2,
3 5 & 910 D. 1.
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BAITAP TU LUAN

6. Tim cac gi6i han sau:

2
2) lim3n_1; b) h.m\}n +2;
n n

O lim—2—;  d) imZD2TD
3n+1 n

. Cho tam giac d2u ¢6 canh bang a, gai 1a

tam giac H,. Noi trung diém cac canh ctia
H, & tao thanh tam giac H,. Tiép theo,
ndi trung diém cac canh clia H, dé tao thanh
tam giac A, (Hinh 1). Cit tiép tuc nhur vay,
nhan dwoc day tam glac H,, H,, H,, ....
Tinh téng chu vi va tong dién tich cac tam
giac cuia day.

Hink 1

8. Tim cac gio1 han sau:

a) 12(3362 =Xy

2_
Byitim? —20.
=4 yx—4
. 3—afx+7
Gilime X,

x—2 x—2

9. Tim cac gio1 han sau:

i iy i B2

X—>+03 + r——e oy

10. Tim cac g161 han sau:

Sl BEm

=4t x—4 =2 D —x

11. 3ét tinh lién tuc ctia ham sb

Jx+4 khixz=0
f(x)= .

2cosx khix<0.

12. Cho ham sb

X253 .

= khix=5
Jx)=<5 x-5

a ki =5,

Tim @ d& ham s6 y = f(x) lién tuc trén R.

13. Trong mot phong thi nghiém, nhiét 4o
trong t0 say duge didu khién ting tir 10 °C,
mdi phiit ting 2 °C trong 60 phit, sau do6
giam méi phut 3 °C trong 40 phut. Ham
s6 bidu thi nhiét d6 (tinh theo °C) trong ti
theo thoi gian ¢ (tinh theo pht) c¢6 dang

{10+2: khi 0 <7< 60
Fine :
k=3t khi 60<r<100

(% 14 hang s6).

Biét ring, 7(# 14 ham lién tuc trén tip xéc
dinh. Tim gia trj ctia £.



Phén HINHHOC VA PO LUONG

PUGNG THANG VA MAT PHANG.
Chuong IV QUAN HE SONG SONG TRONG
KHONG GIAN

Trong chuong ndy, chiing ta sé tim hidu vé khii niém &wimg thing, mit phing trong khing gian va quan hé song song
giita cic dudng thing va miit phing ciing nhu ing dung cic tinh chat clia duéng thing, mit phing, quan hé
s0ng song vao viéc gidi todn va gidi quyét mdt sb van 8é thuc tién.

-5

Céc mit rubng bic thang ngdp nudic cho ta hinh inh clia céc mét phing song song.

Rn) Hoc xong chuong nay, ban cé thé: J

- M6 ta dugc cich xic dinh méat phing. Xac dinh dugc giao tuyén cla hai mit phing.
Nhén biét dugc hinh chép, hinh tit dién,

— Nhén biét va vin dung dugc céc tinh chit vé quan hé song song gilia cic dudng thing
va mit phing. Biét sif dung dinh i Thalés trong khéng gian. Giai thich dugc tinh chit
cd ban cda hinh lang tru va hinh hop.

— Nhén biét dugc phép chiéu song song. St dung dugc phép chiu song song d€ mé ta
mdt 56 hinh &nh trong thyc tién.

ez



Bai 1. Diém, dudng thang va méat phang
trong khong gian

Tir khoé: M3t phdng; Giao tuyén; Hinh chép; T dién; Tt dién déu.

@ Mén hoc Hinh hoc phing tim hiéu tinh chit olia cic hinh cling thudc mét mat phing.
Man hoc Hinh hoc khdng gian tim higu tinh chit aiia cic hinh trong khéng gian,
nhiing hinh ny c6 thé dhia nhiing diém khdng cimg thudc mot mat phing.

Hay phan loai cac hinh sau thanh hai nhém hinh khic nhau.

N _

1. Mé&t phéng trong khong gian
f Mt bin, mit bing cho ta hinh 4nh mét phin
ciia miit phiing. Hay chi thém céc vi du khéc
v& hinh dnh mét phin cila mit phing,

Hinh 1

Diém, dudmg thing va m3it phing 13 ba d6i twgng co ban cia hink hec khéng gian. Ta 43 1am
quen v&i diém va dudmng thing trong hinh hoc phing. Trong phan nay, ching ta s& 1am quen
v6i mit phing.

Mit bang, miit ban, mit san nha, m§t hd nudc yén ling cho ta hinh dnh mét phin clia mft
mit phing. Mt phiing khong c6 bé day va khéng c¢6 gi6i han.

Ta thudmg diing hinh binh hinh hay mét mién géc dé bidu dién mit phing va ding chit cii
in hoa ho#c chit c4i Hy Lap trong déu ngo#ic dé ki higu mit phéng,

L/ &

a) Mt phéng (P) b) Mijit phing (o)
Hinh 2

Chd y: Miit phiing (P) con dugc viét tit 13 mp(P) holic (P).




Diém thudécmat phing

Cho hai diém 4, B va mit phang (P) nhw Hinh 3. oB
¥ _ Néu didém A thude mit phing (P) thi ta néi4 nam trén (P)
hay (P) chira 4, hay (P) di qua 4 vaki hieula 4 € (P). y
— Néu diém B khéng thude mat phing (P) thi ta néi B nam 5
ngoai (P) hay (£) khong chnra B va ki hidula B ¢ (P). Hinh 3

Biéu dién cac hinh trong khéng gian Ién mot mat phang
Pe bicu dién mot hmh trong khéng gian 1&n mét mit phing (to gidy, mit bang, ...), ta thudng
da vao cac quy tac sau:
— Hinh biéu dién ctia dudng thang 14 duong thing, ctia doan thing 14 doan thing.
— Giif nguyén tinh lién thude (thude hay khong thude) gitta diém véi duong thiang hodc vai
doan thezmg.
— Gift nguyén tinh song song, tinh ¢ét nhau gitia cac dudng thing.
— Biéu dién duong nhin thiy bing nét v& lién va bidu difn dudng bi cic mit phing che khuét
bang nét v& dirt doan.

A B A ¢ \B
D E C
ifi!._..___ B B / \A /
’\” 0 3 B L& ]
e - c A \
a) b) c) d)

Hinh 4
% a) V& hinh bifu didn ctia mét hinh hép chir nhat.
' b) Quan sat Hinh 4a va cho biét diém nao thude, diém nao khéng thude mit phing (P).
¢) Quan sat Hinh 4b va cho biét diém nio thude, didm nao khéng thude mat phéing (Q).
2. Cdc tinh chat duoge thira nhan cta hinh hoc khéng gian

} Quan sat Hinh 5 va cho biét mudn gac mot
cay sao tap nhay cao, ngwol ta can dwa nod
vio may diém trén hai coc dd.




Tink chit 1

@« ;
Co mot va chi mot duwong thang di qua hai diem 4
phan biét cho truoc. Hinh 6

d

Puong thing di qua hai dém phan biét 4, B duge ki hidula 4B. Ta cling néi duong thing
AB xac dinh béi hai diem 4, B.
Vi du 1. Cho ba diém phan biét A/, N, P khéng thang hang. C6 bao nhiéu dwong thing
di qua hai trong ba diém d& cho?

Gidi
Do qua hai diém phan biét chi ¢6 mdt dudng thing nén qua ba diém phan biét khong
thing hang M, N, P, ta xac dinh duge ba dwong thing 1a MN, NP va PM.

@2 Cho bén didm 4, B, C.aiphen biet) Hong a6 kibng

"7 ¢6 ba diém nao thing hang. C6 bao nhiéu dudng
théng di qua hai trong bon diém di cho?

;*3 Quan sat Hinh 7 va cho biét gia d& may anh tiép

dat tai may diém. Tai sao gia d§ may anh thuong

¢oO ba chan?
Hinh 7
Tinh chit 2
o — N
® (o6 mot va chi mét mit phing di qua ba diém /4 .
khong thing hang cho trude.
Hinh 8
Cha y: Mit phiing di qua ba diém 4, B, C khéng thing hang duge ki hidula (4BC).

Vi du 2. Cho dudng thing « di qua hai diém phan biét
M, N va diém O khong thude ¢. Coé bao nhidu mit /_,,../}’V’”E
phing di qua ba diem M, N, O? M
Gidi Hinh 9
Do O khéng thude @ nén ba diém M, N, Okhdng thing hang. Do dé chi ¢6 mdt mit phing
di qua ba diem M, N, O.
% Co b.ao nhiéu mit phang di qua ba dinh cta @
tam giac MNP? AT

4 Quan sét Hinh 10 va cho biét nguoi tho mde kim : N
tra mit ban ¢o phang hay khong bang mdt cay
thude thing nhu thé nao. ==
Hinh 10

s



Tinh chit 3
0:

*  Néumdt duong thEng ¢6 hai diém phan bigt thude B -
mdt mat phing thi moi diém ctia duong thing déu /
P

thudc mét phéng do.

Hinh 11

Chii y: Puong thing 4 nim trong mat phing (P) thuong duge ki hidu 1a d < (P) hoidc
(Pyaod
Vi du 3. Cho ba diém 4, B, C khong thing hang va mot diém A nam trén dwong thing BC.
Goi (P) 1a mat phing di qua ba didm 4, B, C. Chiing t6 rang M € (P).

Gidi
Ap dung tinh chét 2, ta ¢é (P) 14 mit phing duy nhét
di qua ba didm 4, B, C. Ap dung tinh chét 3, ta ¢6 moi
diém cta duong thing BC déu thude mit phing (P). P
Ta lai 6 M € BC (gia thiét). Suy ra M € (P).

IE A

Hink 12

@,4 Cho mit phing (Q) di qua bén dinh cta tit gidc
T 4BCD. Chc didm nam trén cac duong chéo cla
tir giac ABCD c6 thude mit phang (Q) khong?

Gii thich.
Q Quan sat Hiih 13 va ot bist bén dith. 4. B, ¢ D
clia cai banh gid ¢ cling nam trén mot mat phing

hay khong.

Tinh chét 4

'.g.'

Ton tai bon diém khéng cting nam trén mot mat phéng.

Chiiy: Néu ¢6 nhidu diém cting thude mét mit phing thi ta néi nhitng didém d6 dong phding,
con néu khéng ¢6 mit phing nio chita cae didm d6 thi ta ndi ching khdng dong phing.
Vi du 4. Cho bon didm 4, B, C, D khong cting nam trén mot mat phing. C6 bao nhiéu
mit phing di qua ba trong bon diém d& cho?

Gidi
Goi 4, B, C, D 1a bén diém khéng cting nam trén mdt mit phing trong khéng gian (ton tai
theo tinh chit 4). Ta x4c dinh duge bon mit phing phan biét 1a; (4BC), (4BD), (4CD), (BCD).

Cho tam gidc MNP va cho diém O khong thude mit phing chira ba diém M, N, P.

o5 Tim cac mat phing phin bidt dwge xac dinh tir bon didm M, N, P, O.

o



}5 Quan sat Hinh 14 v4 md ta phéan giao nhau cta hai
buc tuong.

Tink chit 5
o 7
¥ Neéu hai mat phang phan biét ¢6 mdt diém chung
thi ching ¢é mét duong thing chung duy nhit
chira tht o4 cdc didm chung ctia hai mat phing do.

Hinh 15

Chii y: Pudng thing d chung clia hai mit phing (P) va (Q) duoc goi la giao tuyén ciia (P)
va (Q), ki hitud = P) n (Q).
Vi du 5. Cho tam gidc 4BC va mot diém O khong thude mit phing (4BC). Xac dinh
giao tuyén ctia hai mit phing (O4B) va (4BC).

Gidi
Ta ¢6.4, B 14 hai didm chung ctia hai mét phing (Q4B) va (4BC). Suy ra4B 1a giao tuyén
ctia hai mit phing (O4B) va (4BC).

/A\
k. Cho 4, B, € la ba diém chung cua hai mat phéng B
! phan bigt (o) va (p) (Hinh 16). Ching minh 4, B, C
thfmg hang. 3
a B
Hinh 16
ﬁ;‘ Trong mit phing (P), cho tam giac 4BC ¢6 M, N 3
> A = : A M
lan luot 1a trung diém cua cac doan thang 4B, AC N
(Hinh 17). Tinh ti s6 My B
BC g &
Hinh 17
Tinh chit 6

*  Trong mdi mit phang, cac két qua di biét cia hinh hoc phing déu ding.



Vi du 6. Cho bon diém 4, B, C, D khdng ciing nim trén
mdt mit phing.

a) Goi O 14 trung didm clia CD, G va G lan luot 14
trong tam cia tam giac ACD va BCD. Chung minh
GG' /| AB.

b) Cho diém E trén AB sao cho EG cit mit phing
di qua ba diém B, C, D tai F. Chting minh bbn diém

B, G', O, F thang hang. Hinh 18
Gidi

a) Goi (P) 1a miat phing di qua ba diém O, 4, B duoc xéc dinh theo tinh chét 2.
Trong mit phang (P) ta ¢o:

0G 1 :

— = — (vi G la trong tam cua tam giac 4ACD);

04 3

06" 1 :

OB = 3 (vi G’'la trong tam cia tam giac BCD).

06 @G :
Suy ra Ol = o5 Ap dung tinh chat 6, suy ra GG' // 4B.

b) Goi (Q) 1a mit phang di qua ba diem B, C, D. Cac diem B, G/, O, F la diém chung ctia
hai mit phing phén biét (P) va (Q). Theo tinh chiit 5, chiing phai cting nim trén giao tuyén
ctia (P) va (Q). Vay B, G, O, F thang hang.

%1 Tai sao mudn dong mo canh cira duge ém thi cac
diém gén ban 1€ 4, B, C, (Hinh 19) phai cting nim

trén mot duwong thang?
3. Cach xac dinh mét phang Hinh 19
Theo tinh chat 2 da biét:
¥ Mbtmit phing duoc xac dinh néu biét nd chira ba A,
diém khong thing hang.
B* oC
Mit phing xac dinh bdi ba diém A4, B, C khéng thing Hinh 20

hang ki hiéu 1a mp(4BC) hay (4BC) (Hinh 20).



Vi du 7. Cho ba diém 4, B, C khong thang hang va khong -
nam trong mit phing (P). Biét ba dudng thing 4B, AC,

BC lan lugt cat (P) tai cac diém M, N, E (Hinh 21). /ﬁ// 1 \y
N
M

Ba diem M, N, E c6 thang hang khéng? Giai thich.

Hinh 21
Gidi
Goi (Q) 1a mit phing xac dinh béi ba diém 4, B, C.
TacoM € ABvaAB c (Q), suyraM € (Q).
Mat khac, M € (P). Vay M € (P) m (Q).
Tuong tiy, tacling cd N e (P) n(Q)vaE € (P) ~(Q).
Suy ra ba diém M, N, E thing hang vi cting nam trén duong thing giao tuyén ctia hai mit

phing (P) va (0).
£8 Cho dudmg thing e va diém 4 khéng nim trén @. Trén a A,
1:’\ s oA ~ [ . 5 = T <
ay hai dl(?:\l’]_’l pha:r.lv‘t.net(B, C. Buong thang @ ¢6 nam trong /C/a
(4BC) khong? Giai thich. B

* M6t mat phazmg duge xac dinh ndu bidt nd chia .
mot dirong théng va mot didm khong thuge dirong /
thang do.
Hinh23

Mit phing xae dinh bdi diém 4 va duong thing @ khéng qua diem .4 ki hidu 1A mp(4, a)

hay (4, @) (Hinh 23).

Vi du 8. Véi dudng thing d va hai diém A4, N phan biét

khéng thudc d ta xac dinh duge bao nhiéu mat phezmg‘? / \
Gidi d

Véi duong thing d va diém M khong thude 4, ta xac dinh W N

duge mat phing thir nhat 1a (M, &). Néu didm N thude "

(M, d) thi ta chi xac dinh duge mét mit phing. Néu didm N

khéng thude (M, &) thi ta xac dinh dwge mit phang thit hai / \

la (N, d) (Hinh 24). Hinh 24




Q Hai durong thing phén bidt @ va b cit nhau tai diém O. an
Trén a, b 1ay lan lwot hai didm M, N khac O. Goi (P) 14 L \0
mit phang di qua ba diém M, N, O (Hinh 25). Mat phing /N~ M ™~

(P) ¢6 chira ca hai dirong thang e va » khong? Giai thich.

Hinh 25
‘0: a
¥ Mot mat phang duoc xac dinh néu biét né chira hai X
dudng thing cat nhau. b
Hinh 26

Mit phing xac dinh béi hai duong thing a, b cit nhau ki hidu 1a mp(e, 5 (Hinh 26).

Vi du 9. Véi ba duong thing a, b, ¢ khong ctng nam trong
mét mit phing va cung di qua mét diem © (Hinh 27), ta

xac dinh duge bao nhidu mat phezm,g‘? g
Gidi
Tir ba cip duong thing cat nhau @ va b, b va ¢, ¢ va a, y .
ta xic dinh duge ba miat phing 14 mp(e, ), mp, c), b
mp{c, a). Hinh 27

@7 Cho hai dudng thing @ va b cat nhau tai O va diém M khéng thude mp(a, ).
' a) Tim giao tuyén ctia hai mit phing (M, a) va (M, b).
b) Lay 4, Blanlwot 14 hai diém trén a, b va khic véi diém O. Tim giao tuyén ctia (MAB)
vamp(a, b).
¢) Lay diém 4’ trén doan M4 va diém B’ trén doan MB sao cho dudng thing 4'B’ cit
mp(a, b) tai C. Chiing minh ba diém 4, B, C thing hang.

@ Giai thich tai sao ghé bon chin ¢6 thé bi khap khicng con ghé ba chan thi khong.

Hinh 28

Trong xay dung, ngudi ta thuong ding may quét tia laser dé k& cac duodng thing trén
twong hodc san nha. Tim giao tuyén ctia mit phing tao béi cac tia laser O4 va OB véi
cac mit tirong trong Hinh 29.



4.

Hinh chép va hinh ti dién

Hinh choép
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__ a) Cac cbng trinh kién tric, d0 vét trong Hinh 30 ¢6 mat bén la hinh gi?

Hinh 30

b) Tim diém giéng nhau ctia cae hinh trong Hinh 31.

»od

Hinh 31

Cho da gi4c 181 4,4,...4, nim trong mat phing (&) va diém S khong thude (o).

N&i S voi cae dinh A, 4,, ..., 4, ta dugc » tam gidc SA4,4,, S4,4., ..., S4,4;.
Hinh tao béi »# tam giac do va da giac 4.4,.. .4, duge goi la kinh chép, ki hiéu

SA A A,

Trong hinh chop S.4.4,..4 , ta got:

— biem S la dink;

— Cac tam giac S4.4,, 84,45, ..., 84,4, 1a
cac mdt bén;

—DPagiac 4,.4,.. 4, 1a mat ddy,

— Céc doan thang S4,, S4,, ..., S4, 14 cac
canh bén,

— Cac canh cua da giac 4,4,..4, la cac
canh day.

Ta go1 hinh chop co day tam giac, fir giac,
ngligiac, ... lan luot1a hinh chép tam gide,
hinh chop it giac, hinh chop ngii giac, ...

Hinh chép t giac S.ABCD Hinh chép ngii giac SABCDE
Hinh 32

Vi du 10. Cho hinh chop S4ABCD (Hinh 33). Got tén cac mat bén, mat day, canh bén,

canh day cua hinh chép SABCD.



Gidi 3

Hinh chop S.ABCD co:

e Cac mat bén: S48, SBC, SCD, SDA;

e Mit day ABCD, ”

e Cac canh bén: S4, SB, SC, SD, c

e Cac canh day: 4B, BC, CD, DA. )3
Hinh 33

Hinh t¢ dién

Trong Hinh 34, hinh chép nao ¢6 s mit it nhat?

b) c)
Hinh 34

* Cho bén diém A, B, C, D khéng déng phing. Hinh tao
béi bbdn tam gide ABC, ACD, ADB va BCD duge goi 1a

hinh nir dién (hay e dién), ki hiSuABCD. B D
Trong tir dién 4BCD (Hinh 35), ta goi: (;‘:ﬁn ki
— Cac didémA, B, C, D la cac dinh.
— Céc doan thing 4B, AC, AD, BC, CD, BD 14 céc canh clia tir dién.
— Hai canth khéng di qua cing mét dinh 13 hai canh doi dién.
— Cac tam giac ABC, ACD, ADB, BCD la cac mdf cia it dién.
— Pinh khong thude mot mét cta ti dign la dink doi dién voi mat do.
Vidu 11. Goi tén cac mat, cac cap canh ddi didn ctia ti¥ didn i
MNPQ (Hinh 36).
Gidi
Tix dign MNPQ co:
s Cac mat: MNP, MPQ, MON, NPQ. N 0
« Ce cip canh ddi didn: MN va PO, MP va NO, MO va NP. )3
Chi y: Hinh 36

a) Hinh t dién ¢6 bén mit 1a cée tam giac déu duoc goi 1a hink tir dién déu.
b) Mot tir dién ¢ the xem nhwr 1a mot hinh chdp tam giac véi dinh 1a moét dinh tuy v clia
fir dién va day la mit cda tir dién khong chira dinh do.
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@% Cho tit din S4Ba#GoIEl & 1an Tt 1o Tt cicom e e cah

Vidu 12. Cho tir dién S4BC. Goi M va Nlan luot 14 hai diém trén hai canh 4B va BC sao
cho MN khong song song voi AC.
a) Tim giao diém ctia duong thing MN va mit phéng (S4C).
b) Tim giao tuyén c¢lia cac mit phing (SMN) va (S4C); (SAN) va (SCM).

Gidi
a) Trong mit phing (4BC), v& giao diém F ctia MN
vaAdC. TacoE € AC, suyra E € (S4C). Vay E la
giao diem ctia dirdng thang AZN va mit phang (S4C).
b) Ta ¢6 S va E 13 hai diém chung cia hai mit phing
(SMN) va (S4C), suy ra (SMN) m (S4C) = SE.
Trong mit phing (4BC), v& giao diém F ctia AN va MC.
Ta ¢d S va F 13 hai diém chung ctia hai mit phing
(SAN) va (SCM), suy ra (S4N) m (SCM) = SF.

S4, SC(H= 8,4, K#8, C) sao cho HK khong song song
voi AC. Goi 14 trung diém ctia BC (Hinh 38).

a) Tim giao diém clia dwong thang HK va mat phang (4BC).
b) Tim giao tuyén clia cac mat phéng (S4I) va (4BK);
(S4I va (BCH).

Cho hinh chop SAABCD. Tren cac canh bén cua hinh chop
lay lan lwot cac diém 4', B!, €', D'. Cho biét.AC cit BD
tai O, A'C’ cat B'D' tai O, AB cit DC tai E va A'B' cit
D'C" tai E' (Hinh 39). Chitng minh rang:

a) S, &, O thezmg hang;

b) S, E', E thing hang.

Hinh 39

Néu céch tao 1ap tir dién déu SABC tir tam gide déu SS'S” theo goi ¥ & Hinh 40.
hY




1.

Cho hinh chép S.4BCD, goi O 14 giao diém clia AC va BD. Liy M, N 1an hrot thude cac
canh S4, SC.

a) Chimg minh dudng thing MN nim trong mit phing (S4C).
b) Chimg minh O 13 ¢iém chung ciia hai mit phing (SAC) va (SBD).

. Cho hinh chép 5.4BCD c6 dy 13 hinh binh hanh. Goi M 1A trung didm cia SC.

a) Tim giao diém 7 cta dudng thing AM vi mjt phing (SBD). Chirng minh I4 = 2IM.
b) Tim giao diém E ctia dwdng thing SD va mit phing (4BM).

¢) Goi N 1a mét didm tuy ¥ trén canh AB. Tim giao diém cia dudng thing MN va mjt
phing (SBD).

. Cho hinh chép S.4BCD c6 d4y 12 hinh binh hanh. Goi O 12 giao diém cia AC va BD; M, N

14n huot 13 trung diém cua SB, SD; P thudc doan SC va khéng 14 trung diém cia SC.

a) Tim giao diém E cta dudng thing SO va miit phing (MNP).

b) Tim giao diém Q ciia dudng thiing S4 va mit phing (MNP).

c) Goi I, J, K 1in lugt 12 giao diém cila QM va AB, QP va AC, ON vi AD. Chig minh 7, J, K
thang hang.

. Cho tir dién ABCD. Goi E, F, G 14n lugt 13 ba diém trén ba canh AB, AC, BD sao cho EF cit

BCtai I (I # C), EG cit AD tai H (H= D).
a) Tim giao tuyén ctia cic mit phing (EFG) va (BCD); (EFG) va (ACD).
b) Chimg minh ba dwdmg thing CD, IG, HF cling di qua m6t diém,

Thudc laser phét ra tia laser, khi tia ndy quay s& tao ra mét
phing 4nh sing (Hinh 41). Giai thich tai sao céc thude ké
laser lai gitip ngudi thy xdy dyng ké duoc dudng thing
trén tudng hofic san nha.

Hinh 41



Tir kho#: Hal dudng thing d8ng phing; Hai dwdng thing song song;
Hai 8udng thing chéo nhau.

M85 ta vi trf giifa céc cip dudng
thingaﬂb bviccvddch
trong hinh bén,

1. Vi tri twong d8i ciia hai dudng théng trong khéng gian
ﬁl a) Néu céc trrdmg hop cb thé xdy ra d6i véi hai dudmg thing g, b ciing ndm trong mét

miit phing.
=

Hinh 1

b) Cho tit dién ABCD. Hai dutmg thing 4B va CD c6
cling nim trong bit ki mit phing nio khéng?

Hinh 2

Cho hai duwomg thing a va b trong khdng gian. Khi d6 c¢6 thé xay ra mét trong hai trudng
hgp sau:

— Trwdmg hgp 1: C6 mot miit phing chira g va b. Khi 46 ta n6i a va b dong phing. Theo két
qua ciia hinh hoc phing, ¢6 ba kha ning sau diiy xay ra:

* Néu a va b c6 hai diém chung thi ta néi a tring b, ki hiéu a = b.

* Néu g va b c6 mdt diém chung duy nhit M thi ta néi a va b cdt nhau tai M, ki higu
anb=M.

* Néu a vi b khéng cé diém chung thi ta néi a vé b song song véi nhau, ki hidu a // b.

. 0



L}

— Truong hop 2: Khong ¢é mit phing nio chita ¢i @ va b. Khi d6 ta néi hai dudng thing
a va b chéo nhau hay a chéo voi b.
\a

e /S

a=b amnb=M allb aboheonhau

a) b) c) d)
Hinh 3

Hai duong thing goi 14 seng seng néu chung nim trong cting mét mit phing va khong
c¢6 diém chung.

Chay:

a) Hai duong thing goi 1a chée rhau néu chiing khong dong phing.

b) Cho hai duong thing song song @ va b. C6 duy nhat mdt mat phing chita hai dudng

thing do, ki hiéu mp(a, b).

Vi du 1. Cho tr dién ABCD co M, N 1an luot la trung diém cna AB, AC. Xét vi tri

trong dbi ctia cae cap duong thing sau day:

a) MN va BC, by AN va CD, c) MNva CD.
Gidi

a) Trong mit phing (4BC), ta ¢é MN 1a dudng trung binh

cua tam giac 4BC, suy ra MN // BC.

b) Trong mit phéng (4CD), ta ¢d AN cit CD tai diém C.

¢) Gia stt MN va CD cing nam trong mdt mit phing (P),

suy ta dudng thing NC nim trong (P), suy ra (P) chita &iém.4. B

Tuong tw, ta cling ¢é A8 nam trong (P), suy ra (P) chira

diém B. Suy ra (P) chia ¢& bdn dinh ctia ti dién 4BCD.

Piéu nay vo li.

Vay hai duong thing MN va CD khéng nam trong bat ki

mit phang nao, suy ra MN chéo vai CD.

Cho hinh ¢hép SABCD ¢6 day ABCD la hinh binh hanh.
Xét vi tri twong doi ctia cac cip durong thang sau day:

a)ABvaCD;, Db)S4vaSC, ¢)S4 va BC.




@\i H3y chi ra céc vi dy vé hai dudng thing song song,

cAt nhau va chéo nhau trong hinh ciu sit & Hinh 6.

2. Tinh chét co’ bén vé hai dudng thang song song

a) Trong khng gian, cho diém M & ngoii dudmg thing d. K M d’/
it (P) = mp(M, d). Trong (P), qua Mv& dudng thing & —
song song véi d, djt (Q) = mp(d, o). C6 thé khding dinh &
hai mjt phiing (P) v (Q) trimg nhau khéng? Hinh7

b) Cho ba mit phing (P), (Q), (R) cit nhau theo ba giao tuyén a, b, ¢ phén bit voi
a=P)n(R); b=(Q) N (R); c=(P) n (Q) (Hinh B).

Néu a va b c6 diém chung M thi diém M cé thudc ¢ khéng?

/._——//:[ﬁ"““-—-—.

Hinh 8

Tir kham ph4 trén, ta ¢6 cic dinh li sau:
Dinh i 1

€

Trong khéng gian, qua mét diém ndm ngoai mdt dudmg thing, c6 mdt va chi mot
dudng théng song song véi dudmg thing d6.

Vi du 2. Cho tir dién ABCD. Trong mit phing (4BC) v& }
hinh binh hinh ACBE. Goi d 14 dudng thing trong khéng
gian di qua 4 va song song v&i BC. Chimg minh diém E
thudc dudng thing d.

Gidi
Ta c6 ACBE 1a hinh binh hanh, suy ra AE // BC. Do trong
khéng gian chi ¢ duy nhit mét dudng thing di qua 4 va
song song v&i BC, suy ra AE phéi tring d, viy diém E phai
thudec d.




Chohinh chép S.ABCD. V& hinh thang ADMS ¢6 hai dayla 4D vaMs. Goi d1a duong thing
trong khéng gian di qua S va song song vdi 4D. Chimng minh duong thing d nam trong
mit phing (S4D).

Dinh li 2

- ]
L4 -

® Néu ba mit phing ddi mét ¢t nhau theo ba giao tuyén phén biét thi ba giao tuyén ay
hodc déng quy hodc déi mdt song song.

Vidu 3.
a) Trong Hinh 10a, hai tam giac 4BC va ABD khéng cting nam trong mdt mit phing.
Tim ba c¢iip mit phing ¢é ba giao tuyén ddng quy.

b) Trong Hinh 10b, hai hinh binh hanh 4BCD va 4BMN khéng cting nim trong mét mit
phéng. Tim ba cip mit phing ¢d ba giao tuyén song song.
N

=

TR
I

b)
Hinh 10
Gidi
a) Trong Hinh 10a, ta co:
(BAC) m(BAD)=BA; (BAC) n(BCD)=BC; (BCD) m (BAD)=BD.
Ba giao tuyén vita ndu dong quy tai B. VAy ba cip mat phing ¢o ba giao tuyén dong quy 1a
(BAC) va (BAD), (BAC) va (BCDY, (BCD) va (BAD).
b) Trong Hinh 10b, ta ¢o:
(ABCD) m (ABMN) = AB;, (ABCD) m (CDNM) = CD;, (CDNM) m (ABMN) = MN.
Ta ¢b AB // €D I/ MN. Viy ba cip mit phing ¢6 ba giao tuyén song song 14 (4BCD) va
(ABMN), (ABCD) va (CDNM), (CDNM) va (ABMN).
Tu Pinhli 2, ta ¢o he qua sau:
Hé qud
g Néu hai mat phing phan biét 14n luot di qua hai dudng théng song song thi giao tuyén
ctia ching (néu ¢d) song song voi hai dwong thing do hojc tring voi mot trong hai

duong thing do.
d\@ g \E \E
d,
d, d, d,

d
d, P
/ a) / b) / ¢)

Hinh 11
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Vi du 4. Cho hinh chop SABCD ¢é day la hinh binh hanh.

Xac dinh giao tuyén cta hai mit phing (SBC) va (S4D).
Gidi

Hai miit phiing (SBC) va (S4D) ¢6 diém chung S vé lan hrot

di qua hai dwong thing song song BC va 4D, suy ra theo hé

qué ctia Binh 1i 2, giao tuyén clia (SBC) va (S4D) 13 dudng

thing 4 di qua S va song song véi BC va.4D (Hinh 12). Hinh 12

Ta dé biét trong cling mot mét phing, hai duong thing phin biét cting song song véi mét

duong thing thir ba thi song song véi nhau (Hinh 13a).

Trong khong gian, cho ba dudng thing a, 4, ¢ khéng dong phing, @ va b cting song song
vl c. Goi M 1a didm thude a, d 14 giao tuyén ctia mp(a, ¢) va mp(M, b) (Hinh 13b).
Do b //enéntacod// bvad// e Giaithich tai sao dphai trung véi a. Tt do, néu két ludn
vé vi tri gifta @ va b.

=7 =)

b)

Hinh 13

Dinh li 3

0:

* Hai duong thang phéan biét cung song song véi mat duong thang thir ba thi song song

B s

vol nhau.

Chd y: Khi hai dudng thing phan biét @, b cling song song véi dudng thing c thi ta co thé
ki hieula a// b // ¢ va goila ba duong thing song song.
Vidu5. GoiM, N,P,Q,R, Slatrung didm céc canh clia
tir dién 4BCD nhu Hinh 14. Chimg minh ring cac doan
thing MN, PO, RS ¢é cung trung diém.

Gidi
Ta ¢o MP la duong trung binh cta tam giac ABC, suy ra

MP /] AC va MP = %

Ta cting co ON la duong trung binh ctia tam giac 4DC, Hinh 14

suyra QN // ACva QN= %



MP vi ON cling song song voi 4C suy ra MP // ON. Tt giac MPNQ ¢6 hai canh ddi
song song va bang nhau nén 13 hinh binh hanh, suy ra MN va OP ¢é cting trung diém 1.
Chting minh tuong tirta cfing c6 MNva RS ¢6 cling trung diém 7. Vay cac doan thing MM,

PO, RS ¢6 cting trung diém.
A 4

% Cho tit didn 4BCD ¢6 Iva J lan luot 14 trung diém ctia céc
2 canh BC va BD. Goi (P) 1a mit phéng di qua I J va cat hai
canh AC va 4D 1an lwot tai M va N.

a) Chitng minh IZNM 12 mét hinh thang.
b) Tim vi tri ctia didm Af d& INM 12 hinh binh hanh. #

Hinh 15

@5 Mot chide 13u (Hinh 16a) duoe minh hoa nhw Hinh 16b.
a) Tim ba mat phéng cat nhau ting déi mat theo ba giao tuyén song song.
b) Tim ba mit phing cat nhau tiing d6i mét theo ba giao tuyén dong quy.

Hinh 16

BAITAP
1. Cho hai duong thing song song @ va b. Ménh d8 sau diy dung hay sai?
a) Mot duong thang ¢ cit « thi cling cat b.

b) Mot duong thing ¢ chéo véi a thi ciing chéo véi b.



2. Cho hinh chép S.4BC vi diém M thudc mién trong tam gidc ABC
(Hinh 17). Qua M, v& dudng théng 4 song song véi S4, cit (SBC) C
tai N. Trén hinh v&, héy chi 16 vi trf cia diém N va xdc dinh “
giao tuyén ciia hai mjt phing (SAC) vi (CMN).
Hinh 17
3. Cho hinh chép S.ABCD cb diy ABCD 13 hinh binh hanh,
a) Tim giao tuyén ciia hai mit phing (SCD) va (S4B).
b) Liy mdt diém M trén doan S4 (Mkhéc S va 4), mit phiing (BCM) cét SD tai N. T gidc
CBMN 14 hinh gi?

4. Cho hinh chép S.ABCD cé d4y 13 hinh binh hanh. Goi 7 13 trung diém ciia SD. Hai mjt
phing (Z4C) va (SBC) ciit nhau theo giao tuyén Cx. Chimg minh ring Cx // SB.

5. Cho hinh chép S.ABCD c6 déy 13 hinh binh hanh, AC va BD cit nhau tai O. Goi I 13 trung
diém cila SO. Miit phiing (JCD) cit S4, SB 14n lugt tai M, N.
a) Hay néi cich x4c dinh hai diém M va N. Cho 4B = a. Tinh MN theo a.
b) Trong miit phing (CDMN), goi X 13 giao diém ciia CN va DM, Chimg minh SX // BC // AD.

6. Chi ra céc dudng thing song song trong m&i hinh sau. Tim thém mét s6 vi dy khic v& céc
dudmg thing song song trong thuc té.

Hinh 18

. 10e



Bai 3. Pudng thing va méat phang
song song

Tir khod: Budng thing song song véi mat phing.

@ Duimg thing atrén mép hién clia toa nha
¢6 diém nao chung védi mat (P) cla phi
di bo Nguyén Hué khdng?

1. Pudng thang song song véi mat phang

N M
Q Cho hai hinh binh hianh ABCD va ABMN khéng dbng
phiing, Tim s giao d‘.lém clia mit phing (4BCD) lin
lugt véi céc dudng thing MN, MA va AC. 7\/3
D C
Hinh 1

Cho dudng thing a vi mit phing (P). Khi d6 c6 thé xdy ra mdt trong ba trudmng hop sau:

- "I'rlrirng heop ‘1: a va (P) co tir hai di%m chung phén biét tr¢ 1én (Hinh 2a), suy ra moi
diém thuc g déu thude (P), ta néi a ndm trong (P), ki hiéu a < (P).

— Trudng hep 2: a va (P) c6 mdt didm chung duy nhét 4 (Hinh 2b), ta néi a cit (P)
tai A, ki hiéu a N (P) = A.

— Trudng hgp 3: ava (P) khong cb diém chung nio (Hinh 2c), ta néi @ song song véi (P),
ki higu a // (P).

K= KX T

Hink 2

L)
! Dudmg thing a song song véi miit phing (P) néu ching khong c6 diém chung.

Vidu 1. Trong [, xc dinh v trf twong d6i cia mit phing (ABMN) 1in hugt véi céc
dudmg thing CD, BD va BN.
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Gidi
Néu CD ¢6 didm chung O véi (4BMN) thi O thuée N M
giao tuyén.4B ctia hai mit phiing (4BCD) va (ABMN),
suy ra CD cit AB (méu thuan véi gia thiét ABCD 1a

hinh binh hanh). Viy CD // (4BMN). MB

BD ¢6 mbt didm chung duy nhat B véi (4BMN), suy ra
BD cit (4BMN) tai B.

BN ¢6 hai diém chung B va N véi (4BMN), suy ra
BN c (ABMN). Hinh 3

Cho E va F lan luot 1a trung diém céc canh 4B va AC clia
fir dién ABCD. Xac dinh v1 tri tuong dbi cna cac dwong
thang BC, AD va EF véi mit phang (BCD).

Hinh 4
2. Diéu kién d€ mét dueong thang song song véi mét mat phdéng

Cho duong thing a khéng nim trong mit phing (P)

va g song song voi mét duong thing b nam trong (P).

bit (Q) =mp(a, b).

2) T1T g17a0 tu?fer.lzcua hai mat phang P) \fa (g) /}3" . / -
) (14 st @ co diem chung M voi (P) thi diem M

phai nam trén duong thing nao? Diéu nay ¢o trai Hinh 5

voi gia thiét ¢ // b hay khong?

Ta ¢o dinh 1i:
Dinh li 1 /{/q

¥ Néu duong thing e khéng nam trong mit phing (P) va song song
voi mdt dudng thing b nao dé nim trong (P) thi @ song song voi (P). /P\

Hinh 6
Vi dy 2. Cho hai diém 4, B cung thudc mat phang (P) va \C d,
mot diem C khong thude (P). V8 dudng thang 4, di quad, B, \
d, di qua A, C, d, di qua C va song song voi AB (Hinh 7). A\ B /
Tim sb diém chung ctia m&i duong thing via vé véi (P). /P\4 ~
Xét vi tri twong ddi ctia mit phing (P) 1an luot d6i véi cac \d,
dwong thang d,, d,, d,. Hinh 7



Gidi
Puong thing 4, chira hai diém 4, B thudc (P), vay d, < (P).
Puong thing 4, khong nam trong (P) vi ¢é chita diém C khéng thude (P). Mit khac, d, lai
¢6 didm 4 chung véi (P), suy ra d, cit (P) tai 4.

Puong thing 4, khong nam trong (P) va song song vdi dudng thing d, nam trong (P),
suy ra d,// (P).

Qz Cho hinh chép SABC ¢6 4', B, C' lan lwot 12
7 trung diém cta S4, SB, SC. Tim céc dudng thang
1an lwot nam trong, cit, song song véi mit phing

(4BC).

Hay chi ra trong Hinh 9 céc dudng thing 1an luot
ném trong, song song, cit mit phing san nha.

Hinh9

3. Tinh chét co ban clia dwdng thang va mat phdng song song

Q Cho duodng thiang a song song voi mit phang (P), V/_ ________ .
(@) b %

mit phing (Q) chita @ va cit (P) theo giao tuyén b

[#
(H.inh 12). Trong (), hai dudong thang a, » ¢é bao ‘(ﬂ \
nhiéu diem chung? ik 10

Ta c¢o dinh 1i:
Dinh li 2

= Cho dudng thing @ song song véi mit phing (P). Néu mat phing (Q) chita a, cit (P)
theo giao tuyén b thi @ song song véi b.

Vidu 3. Cho tir dien ABCD co M va N lan Iuot la trong tAm cua tam giac ACD va BCD
(Hinh 11). Chitng minh dudng thing MN song song véi cac mit phing (C4B) va (DAB).



Gidi
Goi E 14 trung didm ctia CD. Do M, N lan luot 13 trong tAm

cla cac tam giac ACD va BCD nén ta co L. l

EA EB 3
suy ra MN // AB.

Puong thing MN khong nam trong (CA4B) va song song
voi duong thing 4B nam trong (CAB), suy ra MN// (CAB).

Tuong tir ta cling c6 MN // (DAB).
Tu Dinh 1i 2, ta ¢6 cac hé qua sau: Hinh 11
Hé qud 1
0O a
¥  Cho dudng thing a song song voi mat phing (P). Néu qua »
diém M thude (P) ta v& duong thang b song song véi « thi W
b phai nam trong (P).
Hinh 12
Hé qud 2
:o: ]

* Néu hai mat phéang phan biét cting song song véi mot dwdng i Y
thing thi giao tuyén ctia chiing (néu ¢d) cfing song song véi b |
duong thing do. . —éﬁ

Hinh 13

Vi du 4. Cho hinh chop S ABC ¢6 M 1a trung diém ctia AB. Goi (P) 1a mét phing chita CB
va song song voi 84, (Q) 1a mit phing chira CM va song song véi S4.
a) Tim giao tuyén cta hai mit phing @) va (Q).
b) V& duong thing b qua Bva b // S4.
Ching minh b < (P).

Gidi
a) Ta ¢o hai mit phing (P) va (Q) cing ¢6 diém
chung C va cung song song vol S4, suy ra giao tuyen
ctia (P) va (Q) 1a duong thing « di qua Cva a// SA.
b) Ta ¢ S4 // (P) va B thude (P), b 1a duong thang di
quaBvab // S4, suyrab C (P).

Hinh 14
Mat phing di qua mét trong hai dudng thidng chéo nhau va song song véi dudng con lai

Q Cho hai dudng thing chéo nhau a, 5. Liy mét didm M b
trén a, v& duong thang »' di qua M va song song véi b.
Pat (P) 1a mat phing di qua a, b’ / b’ M/ /
a) C6 nhin xét gi vé mai lién hé gitta b va (P)? p a/
b) Goi (P") 1a mit phing chita @ va song song véi b. Hinh 15
C6 nhanxét gi vé moi lidn hé gitra b’ va (P'); (P) va (P')?

B 0



Pinh I 3
"% Néu ava b 13 hai dudng thing chéo nhau thl qua a, ¢6 mét va chi mét m3t phing
song song véi b,

Vidy 5. Cho it di¢n ABCD.

a) Néu céch v& mijit phing (P) chita 4B va song song v&i CD. Ta c6 thé v& bao nhidu mit

phing (P) nhw vay?

b) Tim giao tuyén ciia hai mit phing (P) va (BCD).
Gidi

a) V& dudng thing a di qua A4 va song song véi CD.

Dt (P) = mp(a, AB). Ta ¢6 CD // a, suay ra CD // (P).

Do AB va CD chéo nhau nén chi ¢6 mét mit phing (P)

duy nhét chira 4B va (P) // CD.

b) Ta ¢6 B 13 diém chung cia hai mit phing (P) va

(BCD). Ta lai c6 (BCD) chita CD va CD // (P), suy ra

giao tuyén ciia (P) va (BCD) 13 dudng thing b di qua B

va song song voi CD.

Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh binh hanh
va M, N, E lan hugt 13 trung diém cia cic doan théng AB,
CD, S4 (Hinh 17). Chirng minh ring:

a) MN song song véi hai mit phing (SBC) va (SAD);
b) SB va SC song song véi miit phing (MNE).

Lam thé nio @8 djit ciy thudc ké a d& né song song véi
céc trang ciia mot cudn sich?

Hinh 18

1. Cho hinh chép S.ABCD, diy ABCD 1 hinh binh hinh ¢6 O 12 giao diém hai dutng chéo.
Cho M 14 trung diém ciia SC.
a) Chimg minh dudng thing OM song song véi hai mit phing (SAD) va (SBA).
b) Tim giao tuyén ctia hai mjt phing (OMD) va (S4D).




2. Cho hai hinh binh hanh ABCD va ABEF khéng nim trong ciing mét mit phing. Goi O va ¢
14n hrot 13 tim ctia ABCD va ABEF.

a) Chimg minh dudng thing OQ" song song vdi cic mit phing (CDEF), (ADF) va (BCE).
b) Goi M va N l4n lugt 13 trung diém cia AF va BE. Chimg minh MN // (CDFE).
¢) Tim giao tuyén cua hai miit phing (OMN) va (ABCD).

3. Cho hinh chép S.ABCD ¢6 d4y ABCD 13 hinh binh hanh va mét diém M di déng trén canh AD.

Mot miit phing (@) qua M, song song véi CD va 84, cit BC, SC, SD l4n lugt tai N, P, Q.

a) MNPQ 13 hinh gi?

b) Goi 7 = MQ n NP. Chimg minh ring 7 luén ludn thufc mét dudng thing cb dinh khi M
di dong trén AD.

4. Cho tir dién ABCD va diém Mthudc canh AB. Goi () 13 miit phiing qua M, song song véi hai
dudmg thing BC va AD. Goi N, P, Q lan lugt 13 giao diém ciia mit phing (o) véi céc canh
AC,CDvaDB.

a) Chimg minh MNPQ 14 hinh binh hinh,
b) Trong trrdng hop ndo thi MNPQ 13 hinh thoi?

5. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang, ddy 16n AB. Goi M 1a trung diém
cia CD, (P) 12 m#t phing qua M song song v&i S4 va BC. Tim giao tuyén cia (P) véi
chc mit cia hinh chép S ABCD.

6. M6 ta vi tri trong d6i cua cic duong thing a, b, ¢, d, e voi mit phing (P) 1d mit trudc cia
tod nha (Hinh 19).

R



Bai 4. Hai mit phang song song

Tir kho: Hai mit phing song song; Dinh If Thalds; Hinh ling tru; Hinh hdp.

@ Bé mét trén clia mdi biic thang nay dugc it
nhu thé nao so véi mat d&t?

1. Hai mé&t phéng song song
§ “‘1? Hép gidy c6 cic mit 13 hinh vuéng &
Hinh 1a dugc vé& lai v&i cic dinh 13 4, B,
C,D,A', B, C', D' nhu Hinh 1b. Goi tén
cip mit phing:
a) C6 ba diém chung khéng thing hang.
b) L4 hai mit phiing phén biét v cé m6t
diém chung.
¢) Khong c6 bt ki diém chung nio. 2 Hinh 1
Cho hai mjt phing (P) v (Q), c6 thé x4y ra mét trong ba truémg hop:

— Truimg hop 1: (P) va (Q) c6 ba diém chung khéng thing 'C}
B

A!’

F2l c
i
. B!
1
1
1

Do_____ L---JC

hing, ta néi hai mit phing (P) va (Q) tring nhau, ki hiéu A-
P)=(@. =

_ Trudmg hop 2: (P) va (Q) phén biét vi c6 mét diém chung,
ta n6i (P) va (Q) cét nhau theo giao tuyén d di qua diém chung,
ki higu (P) ~ (Q) = 4.

nghia 1a (P) N (Q) = J, ta néi (P) va () song song voi nhau,
ki hiu (P) // (Q) hodc (@) // (P).

— Trudmg hop 3: (P) v (Q) khong c6 bét ki diém chung nio, e T
A e

c)

Hinh2

¥ Haimjt phiing dirgc goi 14 song song véi nhau néu ching khéng c6 diém chung.

IER



Vi du 1. Hop giay ¢6 cac mit

la hinh chit nhat & Hinh 3a

duoe vé lai vl cac dinh la D
A B, C,D A B C D nl'}lr e I,
Hinh 3b. Quan sat hdp giay o
va chi ra cac cap mit phang & = , ’ /
song song voi nhau & Hinh 3b. a) W b) 2
Hink 3

Gidi
Céc cip mit phing song song véi nhau & Hinh 3b 14:
(4BCD) vi (A'B'C'D'Y. (44'B'B) vi (DD'C'CY. (44'D'D) vé (BB'C'C).

@ Tim mét s& mit phing song song ¢é trong hinh chyp cin phong & Hinh 4.

Hinh 4
2. Diéu kién d€ hai mat phang song song

Q Cho malpiling (P chita bt tHinbered B cit
nhau va cling song song véi mat phing (0). Gia st
(P) va (Q) ¢6 diém chung M thi (P) cat (Q) theo
giao tuyén ¢ (Hinh ).
a) Gial thich tai sao dudng thing ¢ phii cit it nhét
mdt trong hai dirdong thang e, b. Dicu ndy ¢d trai véi
gia thiet ¢ va # cung song song vai (Q) khong?
b) Rt ra két ludn v& s6 diém chung va vi tri twong

ddi ctia (P) va (O).
Dinh li 1
@ S
* Néu mit phing (P) chita hai dudng thing @, b cit nhau va f2
hai dirong thang dé ciing song song véi mit phang (Q) thi (P) / /@/
song song voi (Q).

Hinh 6

o



Chiiy: Ching han néu4, B, C khéng thing hing va 4B // MN vaAC // MP thi (4BC) // (MNP).

Vi du 2. Cho hinh chop SABCD c¢o day la hinh thang
ABCD &4y 16n4D vaAD = 2BC. Goi M va N lan luot 14
trung didm ctia S4 va AD (Hinh 7). Chiing minh réng hai
mit phang (BMN) va (SCD) song song voéi nhau.

Gidi
Ta ¢o MN la duong trung binh ctia tam giac S4D, suy ra MN // SD,
do do MN // (SCD). (1)
T giac BCDN ¢o BC // ND va BC = ND nén la hinh binh hanh, suy ra BN // CD,
do do BN // (SCD). (2)
Mat khac ta ¢c6 MN va BN cung chira trong (BMN), MN nBN=N. (3)
T (1), (2) va (3) ta suy ra (BMN) // (SCD).

% Cho tit dién ABCD ¢6 E, F, H 1an luot 14 trung diém ctia AB, AC, AD. Chitng minh

% (EFH)// (BCD).

3. Tinh chét cGa hai mat phdng song song

b Qua mdt didm nam ngoai mét mit phing cho trwde ¢b

g e;f,} a) Cho diém 4 & ngoai mit phing (©). Trong (©) v& hai dudng thing cit nhau &' va b'.
Lam thé nao dé v& hai dudng thang « va b di qua4 va song song vai (Q)?
b) C6 nhén xét gi vé mdi lién hé gitta mp(a, &) va (0)?

Dinh li 2 ){
- q A s

7 “ a'
mdt va chi mét mit phing song song voi mit phang do. /){ @/

Hink 8

Cho ba mit phing (P), (0), (R) thoa man (P) // (0), (R) ~ (P) =a va (R) ~ (Q) = b.
Xét vi tri tuong dbi ctia a va b.

Dinh li 3

Cho hai mit phéng (P) va (Q) song song véi nhau. Néu (R)
cit (P) thi cit (Q) va hai giao tuyén cta ching song song
vo1 nhau.




Vi du 2. Trong mit phang (P), cho hinh binh hinh 4BCD. V& cac
nita diromg thing song song véi nhau, nam vé mot phia ddi véi (P)
va l4n luot di qua cac diém 4, B, C, D. Mét mit phing (P") cit bén
ntra duong thang ndi trén tai A', B', ', D'

a) Chung minh mp(44', BB") song song vo1 mp(CC', DD').

b) Chitng minh it giac 4'B'C'D' 1a hinh binh hanh.

¢) Goi O va O 1an luot 14 giao didm ctia hai dudng chéo clia 4BCD
vaAd'B'C'D.

Chiing minh OO // 44"

Gidi
a) TacOAB// CD, AA4" // DD’ suyrampldA', BB // mp(CC', DD').
b) Mét phing (P) cat hai mit phing song song mp(44', BB') va mp(CC’, DD') theo hai giao
tuyenA'B' va C'DY, suy rad'B//C' D'
Tuong tu ta cling co4'D' // B'C'
T giac A'B'C'D' ¢6 cée cdp canh dbi song song nén 14 hinh binh hanh.
¢) Hai mzf}t phéng (44'C'C) Vﬁ((BB’D'D) 14n luot di qua hai dudng thing song song 44,
DD va cat nhau theo giao tuyen OO', suy ra OO' // 44'.

Cho hinh chop SABCD voi day ABCD la hinh binh hanh
coOla giao diém ctia hai dirong chéo, tam giac SBD 1a

tam gidc du. M6t mit phiing (o) di d6ng song song voi
mat phang (SBD) va cit doan thing .4C. Ching minh céc ' B .
giao tuyén etia (or) véi hinh chép tao thanh mét tam gide déu. ¢ gt
{’:;{;'2 Khi diing dao cét cae 16p béanh (Hinh 11), gia st bé mit cia ¢ @3%
7 céc 16p banh 14 cac mit phang song song va con dao duge §/
xem nhu mit phing (P), néu két luan vé céc giao tuyén tao =
béi (P) voi cac bé mat ctia ce 1op banh. Giai thich. Hinh 11

4. Pinh li Thalés trong khéng gian

£5 Cho ba mit phing song song (P), (0), (R) lan lwot cat hai
duong thing @ va & tai cac diem 4, B, Cva4', B, C'. Goi B,
1a giao diém ctia AC' vé6i (Q) (Hinh 12).
a) Trong tam gide 4ACC", ¢6 nhin xét gi vé méi lién hé gitta

AB . 4B,

BC B C'
b) Trong tam gidc 44'C’, ¢é nhin xét gi v& méi lién hé gitta

ABI ArBr

~va ?

B Bl Hinh 12

Sl nb S m i e nia il St 2
AB'" B'C AC



Chiing ta d lam quen voi dinh li Thalés trong phén hinh hoc phéng & cap Trung hoe ¢o 8,
trong khong gian, dinh 1i Thalés phat biéu nhir sau:

Dinh li 4 (Dinh li Thalés)
* Bamat phéng d6i mét song song chin trén hai cat tuyén bét ki cac doan thing tuong
ung ti1¢.

Vi du 4. Cho ba mit phang (P), (0), (R) d6i mot song song. Hai dudng thang d va d'
cat ba mit phing (P), (Q), (R) lanluot tai 4, B, Cva 4', B, C'. ChoAB=3,BC =1,
A'C"=20. Tinh cac d6 dai1 4'B', B'C".
Gidi

Ap dung dinh i Thalgs trong khong gian d6i voi ba mit phiing song song (P), (0), (R) va
hai ¢t tuyén d, &, ta co:

AB A48 3 AB B'C' AB+BC AC 20

———=—_suyra = = = e

B! BC AT 3 7 Sy 10 10
suyrad'B' =06, B'C' = 14.

% Cho hinh chop SABC ¢6 S4 =9, SB = 12, SC = 15. Trén canh S84 1iy cic didm M, N
7 sao cho SM =4, MN =3, N4 = 2. V& hai mit phing song song véi mit phang (4BC),
lan luot di qua M, N, cit SB theo thit ty tai Af, M va cét SC theo thir tw tai M, N".

Tinh d6 dai cac doan thang SM', AN, M'N", N"C.

5. Hinh lang tru va hinh hép
Hinh lang tru

'} Hinh dang ctia cac dd vat nhu hdp phén, 1dng dén, hép qua, ling kinh ¢ dic diém gi
g10ng nhau?

Hinh 13

- .Cho hai mat phang (P) va (P") song song voi nhau. Trén (P) cho da giac IE‘)iAlAz. LA,
Qua cée dinh clia da gidcnay, ta va cac duong thing song song voi nhau va it (P) 1an ot
tai 4', 4, .., A Hinhtaobdicachinhbinhhanh 444 A, 444 A, .., 4 AA A
vahai da giac 4 4,..4,, A A4 .. A goilahinh ling tru,kihidud 4, .4, 44 .4



Trong hinh lang tru 4, 4,...4,. A14;...4,, ta goi:

— Hai dagiac4,4,...4, va4'4’,. . 4'1ahai mg ddy nam trén hai
mit phing song song;,

—CéacdiémA, 4, ....A, 4, 4, , A l1acic dinh;

— Céc hinh binh hanh 44,44, 4,444, ....4 .44 A 1a
cac mdt bén,

— Cac doan thing 44", 4.4, , AA' 1acac canh bén.
Cac canh bén song song va bang nhau.

— Cac canh cta hai da giac day la cac canh ddy. Cac canh day

tuong 1ing song song va bang nhau.

Hinh

M
P

O

Chai y: Hinh lang tru c6 day la tam giac, ti giac, ngli giac, ... twong ung duoc goi la hinh
lang try tam giac, hinh lang tru tir giac, hinh ling tru ngii giac, . ..

Vidu 5.

a) Goi tén cac hinh lang try trong Hinh 15.

b) Goi tén cac thanh phin ctia hinh lang tru trong Hinh 15a.

' o A’ D’
B B C
a) b)
Hinh 15
Gidi

a) Hinh 15a 1a hinh lang tru tam giac ABC A'B'C".

Hinh 15b1a hinh lang tru tir giac ABCD A'B'C'D'.

Hinh 15¢ 1a hinh lang tru ngii giac ABCDE A'B'C'D'E".

b) Hinh léng tru tam giac ABC .A'B'C" trong Hinh 15a ¢o:

e Hai mat day la cac tam giac ABC, 4'B'C",

e Saudinh: 4, B, C, A", B, C";

e Ba mat bén la cac hinh binh hanh: 44'B'B, BB'C'C, CC'4'A4,

e Ba canh bén: 44', BB', CC'.

hop
Cho hinh lang tru ABCD A'B'C' D' ¢6 day ABCD la hinh binh hanh. Chung minh rﬁng:
a) Bon mat bén va mat day con lai ctia hinh lang tru la cac hinh binh hanh;
b) Cac mit 44'C'C va BB'D'D 1a hinh binh hanh;
¢) Bén doan thing 4'C, AC", B'D, BD' ¢4 cung trung didm.



0

* Hinh hép 12 hinh lang tru ¢é day 13 hinh binh hanh.

Trong mét hinh hop ta co:

— Séu mit 14 sdu hinh binh hanh. M&i mit déu ¢d mdt mat
song song voi nd. Hai mat nhuw thé goi 14 hai met déi dién,
— Hai dinh khéng cting nim trén mét mit goi 13 hai dink
doi dién;

— Doan thing ndi hai dinh déi dién goi la dwéng chéo;

— Bén duong chéo cat nhau tai trung diém ctia mdi durdng.

Vi du 6. Cho hinh hop 4BCD A'B'C'D'. Chitng minh
(BDA" va (B'D'C) 1a cac mit phing song song.

Gidi
Ta ¢6 BB’ // DD' va BB' = DI, suy ra BB'D'D la
hinh binh hanh, do dé BD // B'D'.
Tuong tir ta cling co4'B// D'C.
T do suy ra (BDA") // (B'D'C).

@ Cho hinh hép ABCD A'B'C'D’ va mdt mit phing (o) it
cac mat ctia hinh hop theo cac giao tuyen MN, NP, PO,
OR, RS, SMnhir Hinh 18. Chiing minh céc ¢ip canh doi
cua lyc giac MNPQORS song song vo1 nhau. P

(ﬁ% Tim Hinki e e B oy

Hinh 18

BAI TAP

1. Trong mit phang (P) cho hinh binh hanh 4BCD. Ta dung cac mia duong thang song song
v6i nhau va nam vé mot phia ddi v6i (P) 1an luot di qua cac didm.A, B, C, D. Mot mit phing (O)
cat bon nira duong thing néi trén tai 4', B', C', D'. Ching minh rang;

AA'+CC =BB'+ DD".




2. Cho hinh chép S.4BCD, day ABCD 14 hinh binh hanh ¢é O 14 giao diém ctia hai dudng chéo.
Goi M, N lan luot 14 trung didm ctia S4, SD.
a) Ching minh rang (OMN) // (SBC).
b) Goi £ 14 trung diém ctia 4B va F 1a mét diem thude ON. Chig minh EF song song
val (SBC).

3. Cho hai hinh vuéng ABCD va ABEF & trong hai mit phang khac nhau. Trén cac dudng chéo
AC va BF 1an luot lay cac didm M, N sao cho AM = BN. Céc dudng thing song song véi 4B
v& tir M, N'1an luot cat 4D, AF tai M', N'.

a) Chiing minh (CBE) // (ADF).
b) Chitng minh (DEF) // (MNNA).

4. Cho hinh hop ABCD A'B'C'D'. Goi G, va G, 14n lwot 1a trong tam cua hai tam giac BDA'
va B'D'C. Chimg minh G, va G, chia doan AC" thanh ba phan bang nhau.

5. Dé lam mét khung 16ng dén kéo quan hinh ling tru luc gidc ABCDEF A'B'C'D'E'F’, Binh
gin hai thanh tre.4,D,, F,C, song song voi mit phing day va cat nhau tai O, (Hinh 19).
a) Xac dinh giao tuyén ciia mp(4,D,, F,C)) vo1 cac mat bén cta lang tru.
b) Cho biétzfl’A1 =044 vaAdd4' =70 cm. Tinh CC, va C C".

Hinh 19

6. Chi ra cac mit phing song song trong méi hinh sau. Tim thém mét s6 vi du khac v&
chc mit phing song song trong thue t2.

Hinh 20



ai 5. Phép chiéu song song

Tit khod: Phép chiéu song song; Phudng chi€u; Mit phing chiéu; Anh;
Hinh biéu dién cla mdt hinh.
fkb ) (&

./ Céc tia ndng song song theo phueng /
khi chi€u tdl bién béo giac théng hinh
chit nhit ABCD tao thanh béng trén mit
dudng (xem hinh bén),

Béng ciia bién bio ndy 6 dang hinh gi?
Tai sao?

1. Khéi niém phép chiéu song song

é‘“’; Trong (»:

a) Cac tia sang A4', BB', DD’ c¢6 song song v&i nhau hay khéng?

b) Néu céch xéc dinh béng €' cia didm C trén miit dudng.
Phép chiéu song song thudng dugc dimg &€ biéu dién cic hinh trong khéng gian 1én mét
mijt phiing,

@ : i
Trong khéng gian, cho mit phing (P) v dudng M ) o ik
thing / ciit (P). Véi mbi diém M trong khéng gian,

v& mét dudmg thing di qua M v3 song song hoic
tring véi /. Pudng thing nay ct (P) tai M’. Phép /\M \/
cho twong tmg mdi diém M trong khﬁng gian véi

diém M trong (P) dwgc goi 14 phép chiéu song song Mt phing Ghléu
Ién mit phdng (P) theo phuwong 1.

Hinh 1

Mit phing (P) dugc goi 12 mdt phdng chiéu va dudng thing ] dwgc goi 13 phwomg chiéu ciia
phép chiéu song song néi trén.

Phép chiéu song song theo phwong / cdn dwgc goi tit 13 phép chiéu theo phuwong 1.
Piém M’ goi 13 dnh cua diém M qua phép chiéu theo phuong /.



Cho hinh S%'trong khong gian. Ta goi tip hop S cac dnh M’ ciia tit ci nhimg diém M thujc H
qua phép chiéu song song theo phwong ! 13 hink chiéu song song ciia H 1én mit phing (P).
Vidu 1. Tim phuong chiéu, mit phiing chiéu ciia phép chiéu song song dugc mé tA trong (».
__ Gidi
Trong {5‘, ta ¢6 phép chiéu song song 1&n mit phing (o) cia mit dudng theo phwong / cia
tia nfing.
% Tim phuong chiéu, mit phing chifu ciia phép chifu
song song dirge mo ta trong Hinh 2.

fﬂ"“\.

%] Tim anh cia hinh hép ABEF. DCGH qua
phép chidu song song duge mo ta trong
Hinh 3.

Vit chidu
Hinh 3

2. Céc tinh chét co ban cia phép chiéu song song
Dudi diy ta chi xét anh cla céc dudng thing, tia, doan thing khéng song song véi phurong chiéu,

gz Trong Hinh 4, xét phép chiéu theo phuwong /1én ! \

mijt phiing (P), mijt phiing (Q) chira dudng thing o _

va song song v&i phuong chidu.

a) Khi didm M thay di trén duémng thing a thi anh
M’ clia né thay d6i & ddu?

b) Tir d6 hay chi ra 4nh ciia dudmg thing a qua Hinh 4
phép chiéu theo phuong / 16n mit phing (P).

Hinh chiéu song song ciia mét dwdmg thing 13 mot dirdmg thing. Hinh chiéu song song
ciia m{t doan thing 13 mét doan thing, Hinh chiéu song song ciia mft tia 12 mgt tia.

D



Trong Hinh 5, xét phép chiéu theo phwong ! vdi miit phing chiéu (P). Biét a // b véi
a c (Q) va b c (R). Néu nhén xét v& vi tri twong d6i cia hinh chiéu o', ¥’ ciia a, b
trong hai trudmng hop: (Q) // (R); (Q) = (R).

Hinh 5
Tinh chiit 2
* Hinh chiéu song song ciia hai dudmg thing song song 13 hai duémg thing song song
hojc trung nhau.
Tinh chit 3

K

% o Phép chifu song song bién ba diém thang hang thanh ba diém thing hang va
kh6ng 1am thay d8i thir ty ba diém d6.
e Phép chifu song song khéng lam thay dbi ti s6 d dai cilia hai doan thing nim trén
hai dudmg thing song song hojc tring nhau.

Hinh 6

Vidu 2.
a) Tim hinh chiéu song song cta doan thing AC, tia AB va dudng thing 4D trong Hinh 6b.

: AB A'B

b) Quan s4t Hinh 6a va so sdnh hai ti s6 —, \
) CD’ C'D'
: DA D'A

¢) Quan sit Hinh 6b va so sanh hai ti s6 ——, ;
) DB’ D'B’

13 N



Gidi
a) Trong Hinh 6b, hinh chiu song song ctia doan thing AC, tia AB va dudng thing AD
1in lrgt 13 doan thing 4'C’, tia A’B’ vi dudng thing A'D'.
b) Do phép chifu song song khéng 1am thay ddi ti s6 46 dai clia c4c doan théng ndm trén hai
; AB A'B
dudng thin nén trong Hinh 6a, ta c6: —— = :
udng g song song ng a D= oD
¢) Do phép chiéu song song khong 1am thay di ti sb 6 dai cia céc doan thing ciing thudc
. DA DA
t dudm, én trong Hinh 6b, ta cb: — = :
mét dudng thing n ng C 5 D
2 Cho hinh thang ABCD c6 déy 16n AB va AB = 2CD, hinh chiéu song song ctia 4BCD 13
tr gidc A'B’C’D'. Chitng minh réing A4'B'C'D’ ciing 1a mét hinh thang va A'B’' =2CD'.

r

@32 Cho G 12 trong tim tam gidc ABC, M 1 trung diém BC va hinh chiéu song song cia

tam gidc ABC 13 tam gidc A'B'C’. Chimg minh ring hinh chiéu M cta M 13 trung diém
ciia B'C° va hinh chiéu G’ ciia G ciing 13 trong tim tam gidc A'B'C’.

3. Hinh biéu dién ciia mét hinh khong gian _

) 4 Quan st Hinh 7 va cho biét céc tia nfing song
- song d4 tao ra hinh chiéu ciia hinh hgp nhur
thé nio trén nén nha. Y,

Hinh 7

= Hinh biéu dién ciia mot hinh 5 trong khong gian 13 hinh chiéu song song ciia 5¢ trén
m{t mit phing theo mét phwong chidu nio d6 hojic hinh ddng dang véi hinh chiéu d6.

Chd y: Dya theo tinh chit ciia phép chiéu song song, ta phai tuin theo mét 86 quy tc khi
v& hinh biéu dién, ching han nhur:

a) Néu trén hinh #c6 hai doan thing ndm trén hai dudmg thing song song (hojc tring
nhau) thi chiing dirgc bidu dién bang hai doan théng nim trén hai dudmg théng song song
(hoiic tring nhau) va ti 6 d) dai cua hai doan thing nay phai béng ti 6 d0 dai cia hai
doan thing twong émg trén hinh

b) Néu hinh phéng nim trong mijit phing khong song song véi phuong chiéu thi

« Hinh biéu din ciia mét dudng tron thudng 1a mét elip.

» Hinh biéu dién ciia mdt tam gidc (vudng, cin, déu) 13 mdt tam gisc.

« Hinh biéu dién cia hinh vudng, hinh chi nhat, hinh thoi, hinh binh hinh 13 hinh binh hanh.

B 12



Vi du 2. Quan sat Hinh 8 va tim hinh bigu dién ctia:
a) doan thang 4B; b) tam giac ABC;, ¢) duong tron (C) tam O.

Hinh 8

Gidi
a) Hinh biéu dién cha doan ﬂlfingAB la doan thfing A'B' v6i A' va B lan leot 14 4nh cta
AvaB.
b) Hinh biéu difn cla tam gide 4BC 14 tam gide A'B'C' v6iA', B, €' 1an luot 14 anh cta
A B
¢) Hinh biéu dién ctia dudng tron (C) 14 elip (F) vai tim O' 1a anh ¢tia O.
Vi du 4. V& hinh biéu dign va néu nhén xét vé hinh biéu difn ctia cic mit ctia cac hinh sau:
a) Hinh hop; b) Lang tru ¢é day la luc giac déu; ¢) T dién.

Gidai

&

a) b) c)
Hinh 9
a) Hinh bidu dién ctia cac mit 1a cac hinh binh hanh.
b) Hinh bidu dién ctia mat day 14 luc giae ¢d cac cip canh ddi song song va bang nhau,
dong thoi song song véi duong chéo noi hai dinh con lai. Hinh biéu dién ctia mat bén 1a
hinh binh hanh.
¢) Hinh biéu dién ctia bén mit 1a bon tam giac.
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% Goi tén cAc hinh khéi ¢é hinh bidu dién 1a cac hinh trong Hinh 10.

a) b) c)
Hinh 10
@;3 V& hinh bidu didn ctia mét hinh chop tam giac SABC dat trén mét hinh ling tru tam giac
"~ ABCAB'C.

BAI TAP °

1. Trong cac ménh dé sau, ménh dé nao dung?
a) Mot duong thang ¢6 thé song song vai hinh chiéu clia no;
b) M6t duong thing ¢é thé tring v6i hinh chidu ctia nd;
¢) Hinh chiéu song song ctia hai dudng thing chéo nhau ¢o thé song song véi nhau;
d) Hinh chiéu song song ctia hai dudng thing chéo nhau ¢é thé tring nhau.

2. V& hinh bidu dién etia mét luc gidc déu.

3. V& hinh bidu dién ctia mdt hinh vuéng ndi tiép trong mét hinh tron.

4. Cho hai didm 4, B nam ngoai mit phing (o) va duong thing d cit (o). Gia st duong thing
AB cit (o) tai didm O. Goi 4’ va B' lan lwot 14 hinh chiéu song song ctia4 va B trén (o) theo
phuong ctia dudng thing 4. Ba diém O, 4", B' ¢6 thang hang khéng? Vi sao? Chon d sao cho:
a)A'B' =AB, b)A'B' =24B.

5. V& hinh biéu dién cta: Hinh chiéu
a) Hinh lang tru ¢6 day 14 tam gidc déu,
b) Hinh ling tru ¢6 day 1a luc gide déu;
¢) Hinh hop.

r

T~

Mit phing chiéu
Hinh 11

Vit chiéu



BAI TAP CUOI CHUONG IV

CAU HOI TRAC NGHIEM

Chon phrong dn ding.

1. Cho tam gidc ABC. Léy diém M trén canh
AC kéo dai (Hinh 1). Ménh d8 ndo sau diy
12 ménh &4 sai?

A. M e (ABC). B. C € (ABM).
C. 4 € (MBC). D. B € (ACM).
A
C
M
B
Hinh 1

. Cho tit dién ABCD véi I va J lin luot 13
trung diém cic canh AB va CD. Ménh dé
nao sau day ding?

A. Bén diém LJB,C déng phﬁng.

B. Bén diém I, J, 4, C ddng phéng.

C. Bén diém 7, J, B, D ddng phing.

D. Bén diém 7, J, C, D dbng phéng.

. Cho hinh chép S ABCD cé AC cit BD
tai M, AB cit CD tai N. Trong cic duimg
thing sau d4y, dudmg ndo 13 giao tuyén cia
(S4C) va (SBD)?

A. SM. B. SN.

C. SB. D. SC.

. Cho hinh chép S.ABCD cé6 day ABCD
13 hinh binh hanh. Gei 1, J, E, F lin hegt
13 trung didm 84, SB, SC, SD. Trong cic
dudmg thing sau, dudng ndo khéng song
song vai L7
A.EF.

C.4D.

B. DC.
D. 4B.

5.

7.

Cho hinh binh hinh ABCD vi mét diém S
khdng néim trong mét phiing (4BCD). Giao
tuyén cia hai mit phing (SAB) va (SCD)
13 mdt dudmg thing song song véi dudng
thing nio sau day?
A AB,

C..BC.

B. AC.
D. §4.

. Cho hinh chép tir gidc déu S.ABCD cb

canh déy bing 10. M 13 diém trén S4 sao

cho %=§.Mﬁtmatph5ng (o) &i qua M
song song véi AB va CD, c4t hinh chép
theo mt tir giac c6 dién tich 13
iy B

9 3
¢ Be.

9 9

Quan hé song song trong khong gian ¢6

tinh chit nao trong c4c tinh chit sau?

A. Néu hai mjit phing (P) va (Q) song song
vdi nhau thi moi dudmg thing nim trong
(P) déu song song véi (Q).

B. Néu hai miit phing (P) vi (Q) song song
véi nhau thi moi dudng thing nim trong
(P) du song song v&i moi dudng thing
nim trong (Q).

C. Néu hai dudng thing song song voi
nhau 14n lrgt ndm trong hai mijt phing
phiin biét (P) va (Q) thi (P) va (Q) song
song v{i nhau,

D. Qua mdt diém nim ngoai mit phing
cho trudc ta v& duge mot vad chi mot
dudng thing song song véi mit phing
cho tnrée d6.

127



8. Cho hinh léing try ABC.A'B'C’, Goi M, N,

P, O lin lugt 13 trung diém cua céc canh
AC, A4', A'C, BC. Ta cb:

A. (MNP) // (BCA).

B. (MNOQ) // (A'B'C).

C. (NQP) // (CAB).

D. (MPQ) // (4BA"),

BAITAP TV LUAN

9. Cho hinh hép ABCDA'B'C'D'. Goi Mva N

lin Tugt 13 trung diém coa AB va A'B’ va
O 13 mot diém thudc mién trong clia mit bén
CC'D'D. Tim giao tuyén ciia mét phing
(OMN) véi cdc mit cia hinh hdp.

10. Cho hinh chép S.ABCD véi ABCD 13

hinh thoi canh g, tam gidc SAD déu. M1

diém trén canh 4B, () 12 mit phing qua

Mva () // (SAD) cit CD, SC, SB lin hrgt

tai N, P, Q.

a) Chimg minh ring MNPQ 14 hinh thang
cén,

b) Bt AM = x, tinh dién tich MNPQ theo
avax.

B s

11, Cho mit phing (a) vi hai dudng thing

chéo nhau a, b cit (o) tai 4 va B. Goi d 13

dudmng thing thay d6i lubn ludn song song

vdi (o) va ct a tai M, cét b tai N. Qua

didm N dymng dudmg thing song song véi a

cit (o) tai diém C.

a) Tir gisc MNCA 13 hinh g1?

b) Chimg minh réng diém C luén ludn
chay trén mét dudmg thing ¢b dinh.

¢) Xéc dinh vj trf cia dudmg thing d 48 46
dai MN nhé nhét.

12. Cho hai hinh binh hanh ABCD vad ABEF

nim trong hai mit phang khic nhau. Ly
chc diém M, N 14n lugt thube céc dudomg
chéo AC va BF sao cho MC = 2MA4;
NF =2NB. Qua M, Nké cac dudmg thing
song song véi AB, cht cic canh AD, AF
lin luot tai M, N,. Chirng minh ring:

a) MN /! DE;
b) M, // (DEF);
c) (MNN, M)} // (DEF).



Phén THONG KE VA XAC SUAT
|

Trong thuic té ta thubng gdp nhiing tap s6 lidu rdt 1on, vi du nhu diém thi t5t nghiép Trung hoc ph théng dia hoc sinh
¢ nuc hay s& tién thu€ thu nhip ci nhén mdi ¢ nhin phii 46ng trong nim. Bé thuin tién dho vidcluu trit, trinh bay
va biéu dién cic 58 lidu nay, nguii ta thudng sit dung bing 56 liéu ghép nhém, trong 86 céic 6 lidu riéng 1@ cb gid tr
gdn nhau duigc s3p xEp vio ting nhém.

Trong chuong ndy, chiing ta s& tim hidu cAch x4< dinh, ¥ nghla va vai trd clia cic s dic trung do xu thé trung thm dho
mAu sé liéu ghép nhém.

- Tinh dugc cic s6 diac trung do xu thé trung tdm cho mau sé& liéu ghép nhém:
s@ trung binh ¢dng (hay s8 trung binh), trung vi, t& phén vi, mét.

- Hiéu dugc y nghia va vai trd cla c&c 58 dic trung néi trén cla miu sé lidu trong
thuc tién.

— Rat ra dugc két ludn nhd y nghia cia cic s6 dic trung ndi trén cia méu sé lidu trong
trudng hgp don gian.

- Nhan biét dugc méi lién hé gilta théng k& v6i nhitng kién thic cla cdc mdn hoc khéc
trong chueng trinh IGp 11 va trong thuc tién.

4
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Bai 1. SO trung binh va mét
ctia mau sé liéu ghép nhém

Tir khod: S8 trung binh; Mét.
/Mt dal I bdo hidm #5 théng ké 8 lugng Biflu db a6 krgmg khisch hing
khichmua biohiémnhénthotrongmpt | "ovs Moo sens
ngay  biéu 88 bén, 1o il
Hay so sinh 46 tuéi trung binh cia - l —-
khéch hing nam v nil, o J—— w)% e

1. S8 liéu ghép nhém
J5) i dung dit Tigu & bidn @3 trong (), hodn thign bing théng ke v& s luong Khéich hing
nir theo tudi sau:

Khoang tudi [20; 30) | [30;40) | [40;50) | [50;60) | [60;70)
Sé khach hing nir 3 ? ? ? ?

Mt 6 loai s6 lidu diéu tra c6 thé nhan rit nhidu nhing gi4 trj khac nhau, hojic khé xdc dinh

durge gid tri chinh xéc, vi du nhir chidu cao, cin ning, tubi tho, ... Pé thudn tién cho viéc lru trit

va xit If céc logi s6 ligu ndy, ngudi ta thudmg ghép céc 6 liéu gin nhau lgi thinh nhém,
g

MAu s6 liéu ghép nhém thudng drge trinh bay dudi dang bang théng ké ¢6 dang nhu sau:

Bing I: Bing tan 5o ghép nhém

Nhoém [34; %) [24,; 15) - [244; 24g.4)
Tén s n n, _— n,

Chiiy:
» Bang trén gbm & nhém [u; u,,,) v6i 1 <j < k, mSi nhém gbm mét s6 gid trj dwrgc ghép theo
mdt tiéu chi x4c dinh.,
«Comiun=n+n,+..+n,.
» Gi trj chinh giita m&i nhém dugc diing lam gid trj dgi dién cho nhém 4y. Vi dy nhém [u,; u,)
c6 gid tri dai dién 12 %(u1+u2).
* Hi€u u,, , —u, dugc goi 1a dp dai cva nhom [w; %,.,,).
Vidy 1. Tinh gié tri dai di¢n va 49 dai cia mdi nhém trong mu sb ligu & [ .
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Gidi

Khoang tubi [20;30) | [30;40) | [40;50) | [50.60) | [60;70)
Gié tri dai dién 25 35 45 55 65
Do dai clia nhém 10 10 10 10 10

Mét sé quy tac ghép nhém clia mau sé liéu
M&i mau s6 lidu ¢6 thé duoe ghép nhém theo nhidu cach khic nhau nhung thwong tuin theo
mét s& quy tic saw
— St dung tir k=5 dén k = 20 nhom. C& mau cang 16n thi ¢An cang nhidu nhém s6 lidu.
Céc nhom ¢o cung d6 dai bang £ thoa min R < k. L, trong d6 R 14 khoang bién thidn, & 14
s nhém.
— Gia trj nhé nhét cia mau thude vao nhém [u,; u,) va cang gan u, cang tot. Gia trj 16n nhat
clia mau thude nhom [u,; #, . ) va cang gé“m U, cang tot.
Vi du 2. Can nang cta 28 hoc sinh nam l6p 11 duge cho nhw sau:
554 62,6 542 56,8 588 594 60,7 58 595 63,6 61,8 523 634 579
497 451 56,2 632 46,1 49,6 59,1 553 558 455 46,8 54 492 526
Hiy chia mau dit lidu trén thanh 5 nhém, 1ap bang tan s6 ghép nhém va xac dinh gia tri
dai dién cho moi nhom.
Gidi
Khoang bién thidn etia mau s6lidu trénla R = 63,6 — 45,1 = 18.5.
Pé dai mdi nhém L > %z N 7.
Ta chon L = 4 va chia dit iéu thanh cac nhém [45; 49), [49; 53), [53; 57), [57; 61), [61; 65).
Khi d6 ta co bang tin sb ghép nhom sau:

Cén ning [45; 49) [49; 53) [53;57) [57;61) [61;65)
Gia tri dai dién 47 51 55 50 63
S5 hoe sinh 4 5 7 % 5

Chuy:

« Céc dau mit ctia cac nhém ¢6 thé khong 1a gia tri clia mau s6 lidu.

« Ta hay gap céc bang s6 lidu ghép nhém 14 s6 nguyén, ching han nhu bang théng k& s6 16i
chinh ta trong bai kiém tra gitta hoe ki 1 mén Ngit Van ctia hoe sinh khéi 11 nhu sau:

SO 161

[1; 2]

[3; 4]

[5; 6]

[7; 8]

[9; 10]

S6 bai

122

i

14

5

2

Béng s6 lidu nay khéng ¢é dang nhu Bang 1. D& thuén loi cho vide tinh cée s6 dic trung cho
bang s6 liéu nay, ngudi ta hidu chinh vé& dang nhue Bang 1 biang cach thém va bét 0,5 don vi
vao dau mit bén phai va bén tréi ¢tia mdi nhom sé lidu nhu sau:

SO 161

[0,5::2,5)

[2,5; 4,5)

[4,5; 6.5)

[6.5;8.,5)

[8,5; 10,5)

S5 bai

122

75

14

5

2
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Mét cita hang da théng k& s6 ba 16 ban dige méi ngay trong théng 9 véi két qué cho nhir sau:
12 29 12 19 15 21 19 29 28 12 15 25 16 20 29
21 12 24 14 10 12 10 23 27 28 18 16 10 20 21
Hiy chia mau s6 lidu trén thanh 5 nhém, 1ap bang tan s6 ghép nhém, hidu chinh bing
tan s6 ghép nhém va xéac dinh gia tri dai dién cho méi nhém.

2. Sé trung binh

é@;ﬁ Céc ban hoe sinh 16p 11A1 trd 101 40 cau héi trong mot bai kidm tra. Két qua duoc
' théng ké & bang sau:
S6 cau tra loi dang | [16;21) [21:26) [26:.31) [31; 36) [36; 41)
$6 hoc sinh 4 6 8 18 4
a) Tinh g1a tr1 dai di€nc, 1 < /< 5, cua ting nhom 0 ligu
b) Tinh ¢, +me, + mye, + 1,0, Luissen
6) Tirh % = Ho + Lo, T N e .
40
Gia st mau s6 lidu duge cho dudi dang bang tan s6 ghép nhém:
Nhom Nhom 1 Nhom 2 Nhom &
(Gia tr1 dai dién e ¢y g5
Tén s6 n 1, 1

F 3H trung binh ctia mau sb lidu ghép nhom, ki hiéu x, duge tinh nhwr sau:

1 c +?’£202 o ...+?’£ka

N
s

trong don=m+n,+ ..+ n.

Vidu 3. Két qua khao sat cAn ning ctia 25 qué cam & mdi 16 hang A4 va B duge cho & bang sau

Cén ning (g) [150; 155) [ [155;160) | [160; 165) | [165; 170) | [170; 175)
S6 qua cam & 16 hang 4 2 6 12 4 1
S6 qua cam & 16 hang B 1 3 7 10 4

a) Hiy wde lrgng can niang trung binh cta moi qua cam & 16 hang 4 va 16 hang B.
b) Néu so sanh theo s0 trung binh thi cam & 16 hang nao ning hon?
Gidi

Ta ¢6 bang théng k& s6 luong cam theo gia trj dai dién:

o

Can nang dai dién (g) 152,5 157,5 162,5 167,5 172.5
S6 qui cam & 16 hang 4 2 6 12 4 1
S6 qua cam §16 hang B 1 3 7 10 4




a) CAn nang trung binh ctia mdi qua cam & 16 hang 4 xap xi bang
(2.152,5+6.157,5+12.162,5+4.167,5+1.172,5): 25=161,7(g).
Cén nang trung binh cia mdi qua cam & 16 hang B xap xi bang
(1.152,5+3.157,5+7.162,5+10.167.5+4.172,5) : 25=165,1 (g).
b) Néu so sanh theo sb trung binh thi cam & 16 hang B ning hon cam & 16 hang 4.
Y nghia ciia sé trung binh ctia mau sé liéu ghép nhom
S5 trung binh ctia mau s6 lidu ghép nhém 14 gi tri xéip xi cho s6 trung binh ctia mau 6 lidu gbe.
No ﬂuro‘ng ding dé do xu thé trung tim ctia mau s6 lidu,

Hiy ude luong trung binh sb cau tra 161 ding clia cac hoe sinh 16p 11A1 trong m
Hay wde luong can nang trung binh ciia hoc sinh trong Vi du 2 sau khi ghep nhom
va so sanh két qui im dugce voi cAn nang trung binh etia mau sb lidu goe.

3. Mét
rﬁ&"‘%& - ® Adqen _» y ~ * A . ) . . ) ~, 7 b R eitn
@m?f Turmau so ligu & (»), hily cho biét khach hang nam va khach hang nit & khoang tuoi nao
mua bao hiém nhén tho nhiéu nhat. Ta ¢é thé biét mot cia mau s6 lidu dé khéng?
Xét mau 6 lidu cho & dang Bang 1.
® Nhom chiva mét clia mau s6 lidu ghép nhém 13 nhom ¢o tan $6 16n nhét.
Gia sit nhom chita mot 1a [u,;, «, , ), khi d6 mot ciia mau sé liéu ghép nhom, ki hiéu
la M, dugc xac dinh béi cong thiie

M =u_ + P =~ Py A, —u )
(nm _nm—l)_‘_(nm _nm+1)

Chui y: Néu khong c6 nhom ké trude ctia nhém chira mot thi », =0, Néukhong c6 nhém
ké sau ctia nhom chita mot thi 7, , = 0.

Vi du 4. Mot cong ty xay dung khao sat khach hang xem ho co nhu cdu mua nha & mire
gia nao. K&t qua khao sat diroe ghi lai & bang sau:

(mgﬁlg%ijmz) [10:14) | [14:18) | [18:22) | [22:26) | [26:30)
S6 khiach hing 54 78 120 45 12

a) Tim mbt cia mau s6 lidu ghép nhém trén.
b) Céng ty nén x4y nha & muc gia nao d& nhidu ngudi ¢ nhu ¢au mua nhat?
Gidi
a) Nhém chita mbt ctia mAu s6 lidu trén 14 nhom [18; 22).
Dodou,=18,n, ,=78,n,=120,n,,,=45,u,, —u,=22-18=4
Mét ctia mAu s6 lidu ghép nhém 1
120-78 758

M, =18+ 4=""x19,4.
(120—78)+ (120 45) 39
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b) Dua vao két qua trén ta ¢6 thé du doan ring néu eéng ty x4y nha & miie gia 19,4 triéu dong/m’
thi 88 ¢ nhiéu ngudi ¢ nhu cau mua nhét.

Vi du 5. S5 cude gor dién thoai mot nguor thire ién moi ngay trong 30 ngay dugc
lyra chon ngau nhién dirge théng ké trong bang sau:

S6 cude goi [3; 5] [6; 8] [9; 11] [12; 14] 1527

Sb ngay 5 13 7 3 2

a) Tim mét ctia mau 6 lidu ghép nhém trén.
b) Hay du doén xem kha ning nguoi dé thwe hién bao nhidu cude goi mdi ngay 14 cao nhit.

Gidi
Do sd cude gotila s0 nguyen nén ta éu chinh lai nhr sau:
S6 cude goi [2:593.5] [5,5:8,5) | [8,5:11,5) | [11,5;14,5) | [14,5;17.5)
S6 ngay 5 13 7 3 2

a) Nhom chira mot ¢tia mau s6 lidu trén 14 nhém [5,5; 8,5).

Dodowu, =558 =2 5= 11 is = g =i =5 = 5 0= 3.
M6t ctia mau s6 lidu ghép nhém 14
13-5
3= 1o .
A3-+(13-7) 14
b) Dura vao két qua trén ta ¢6 thé du doan rang kha ning newdi dé thure hién 7 cude goi
mdi ngay 14 cao nhat.

M- o

a i

Y nghia cira mét cia mau sé liéu ghép nhom

— Mbt ctia mau sé lidu khéng ghép nhom 14 gia tri ¢6 kha ning xuat hign cao nhat khi 14y mau.
Mét ctia mau s6 lidu sau khi ghép nhém M xap xi v6i mot clia méau s6 lidu khéng ghép nhém.
Céc gi4 tr] ném xung quanh M thuong co kha nang xUAt hidn cao hon cac gia trj khac.

~ = Aqen i . B A . - A . . A . - A A
— Mot mau s0 ligu ghép nhom ¢6 the ¢6 nhiéu nhom chira mot va nhi€u mot.

4 Hiy stt dung ditlidu & (») dé tu van cho dai li bédo hiém xac dinh khach hang nam va
" nit § tudi ndo hay mua bao hiém nhit.

BAI TAP

1. Anh Vin ghi lai e 1i 30 lan ném lao ctia minh & bang sau (don vi: mét):

721 | 729 | 702 | 709 | 722 | 71,5 | 725 | 693 | 723 | 69,7
723 | 71,5 | 712 | 698 | 723 | 71,1 | 695 | 722 | 719 | 73,1
e | 718 | 2 |78 | w8 | 222 | 722 | ‘B9 | 7 | 707

s



a) Tinh cu li trung binh ctia mdi 14n ném.
b) Téng hop lai két qua ném ctia anh Vin vao bang tan s6 ghép nhém theo miu sau:

Celim) | [69,2,70) | [70,70.8) | [70.8;7L.6) | [71.6:72.4) | [72.4;73.2)

S5 lan ? 7 7 g ?

¢) Hily wde lwong cir i trung binh méi 14n ném tir bang tin s6 ghép nhom trén.
d) Kha ning anh Vin ném duoc khoang bao nhidu mét 4 cao nhat?

. Nguoi ta dém s6 xe 6 t& di qua mét tram thu phi mdi phut trong khoang thoi gian tir 9 gio
d8n 9 gid 30 phut sang. Két qua duge ghi lai & bang sau:

15 | ko | I3 | 2L | F | 83 | B | 21 0 Bl | e | 2% [ L9 | 22 | W

251 7T 120 (101 28 (290|124 | © LE | 28 | 11 |21 g | 27 | A5

a) Tinh 86 xe trung binh di qua tram thu phi trong méi phiit.
b) Téng hop lai s6 liéu trén vao bang tan s6 ghép nhém theo mau sau:

Sé xe [6; 10] [11;15] [16;20] [21; 25] [26: 30]

S6 1an ? 2 ? 2 ?

¢) Hiy ude lugng trung binh s xe di qua tram thu phi trong méi phut ti bang tin sb ghép
nhom trén.

. Mot thu vién théng k& sb luong sach duoc muon mdi ngay trong ba thang & bang sau:

sbsach | [16,20] | [21:25] | [26,30] | [31;35] | [36;40] | [41; 45] | [46;50]

S6 ngay 3 6 15 27 22 14 5

Hay wde lirong s6 trung binh va mot ctia mau s6 lidu ghép nhém trén.

. Két qua do chitu cao ctia 200 ¢y keo 3 nim tudi & mét ndng trudng duoe bidu dicn & bidu db
dudi day.
, Chiéu cao 200 cay keo 3 nam tudi
(56 ciy) A
70

60
60 55

50+

40+ 35

30
30

20
20

10+

0 »
[85;88) [889,1) [91;94) [9497) [9710) (m)

Hiy ude luong s6 trung binh va mét ¢ia mau s6 lidu ghép nhém trén.
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Bai 2. Trung vi va ti phan vi

ctia mau sé liéu ghép nhém

Tirkhoa: Trung vi; T phan vi,

° Biéu d6 bén théng ké chiéu cao

{don vi: am) clia cac vén ding vién
hai ddi béng rd Sao La va Kim Nguu.

Hay so sanh chiéu cao clia cac
van dong vién hai ddi bong theo
s6 trung binh va trung vi.

1. Trung vi

" 9

1

Chiéu cao cuia cdc védn ddng vién

{54 van ddng vién)
12

10

B

[ S )]

[170; 175) [175; 180) [180; 185) [185; 190) [190; 195)

B Egi Sao La = DG Kim Ngwu

a) Stt dung biéu do & (), hoan thidn béng thong ké sau:

jcmj

Chidu cao (cm) | [170;175) | [175; 180) | [180; 185) | [185; 190) | [190; 195)
Déi Sao La 2 4 5 5 4
Péi Kim Nguu ? ? ? ? ?

b) Tim cac nhom chira gia tri trung vi chiéu cao thanh vién moi ddi.
Goai x,; X, ...; x5 12 chidu cao ctia 20 thanh vién d6i Sao La xép theo thir tir khong giam.
Tir bang s6 lidutrénta thay x,, x, € [170; 175); x5, ..., x, € [175; 180); x, ..., x,, € [180; 185)

~ - - = Aoqrn . 1 o o~ .
nén trung vi cia mau s0 licux;; x,; ...; x,, la 5 (x,, + x,,) s& thudoc nhom [180; 185).

Céng thirc xdc dinh trung vi ciamau sé liéu ghép nhom:
e Goi n1a ¢& mau.

e Gia st nhom [, u, , ) chira trung vi;

e n, 14 tan s6 ctia nhom chira trung vi;

SRR Ry

Khi do

i (um+1 —u, )

Vi du 1. Két qua khao sat cdn ning ctia 25 qua bo & mét 16 hang cho trong bang sau:
Cén nang (g) [150; 155) | [155; 160) | [160; 165) | [165,170) | [170; 175)
S6 qua bo 1 7 12 3 2

Hiy tim trung vi ctia mau s6 lidu ghép nhém trén.



Gidi
Goi x; x,; ...; X, la can nigng cua 25 qua bo xép theo thi tir khéng giam.
Dox, € [150;155);%,, ..., %, € [155; 160);%,, ..., %,; € [160; 165) nén trung vi ciia mau
s6 lidux,; x,; ..., %, 1a x,; € [160; 165).
Ta xac dinh dugen=25,n, =12, C=1+7=8,u_=160,u_,, =165

A el
Vay trung vi ctia mau s6 lidu ghép nhém 1a
25
1.
M, =160+ 212 . (165-160)=161,875.

Vi du 2. Trong tuan 18 bao v8 méi trudng, cac hoe sinh khdi 11 tién hanh thu nhit vé chai nhia

dé tai ché. Nha trrong thong ké két qua thu nhit v chai efia hoe sinh khéi 11 & bang sau:

S6 vo chainhira | [11;15] [16; 20] [21;25] [26: 30] [31; 35]
S6 hoe sinh 53 82 48 39 18

Hay tim trung vi ctia mau sb lidu ghép nhém trén.
Gidi

Do s6 vo chai 14 s nguyén nén ta hiéu chinh lai nhr sau:

S6 vo chai nhira [10S 15 5 155 2051 [20.5: 25 5 P82 5 5: 30,5) | [30,5; 35,5)

S6 hoc sinh 53 82 48 39 18
S8 hoc sinh tham gia thu nhét vo chai nhra la
7=53+82+48 +39+ 18 =240.

Gol x;;x,; .8 lan Ieot la s6 vo chai 240 hoc sinh khoi 11 thu nhit duoc Xép theo
thar tir khong giam.

Do x,, ..., x; € [10,5; 15,5); x,,. ..., x,; € [15,5; 20,5) nén trung vi cia mau s6 lidu
N e W

%(xlzn R, =[50 20 o)
Ta xac dinh dugc z = 240, A EXHST NS ES =20.5.

sPme1 T
Trung vi clia mAu b lidu ghép nhém 1
240
5 803

M, =155+—2—.(20,5-15,5)=—=~19,59.
82 41
Y nghia ctia trung vi cia mau sé liéu ghép nhém
Tt dit lidu ghép nhém ndi chung khong thé xéc dinh chinh xé4c trung vi ctia mau s6 lidu ge.
Trung vi cia mau sb lidu ghép nhém 14 gid ti xap xi cho mAu s6 lidu gbe va ¢é thé 14y lam
gia tri dai dién cho mau sb lidu.

Q Haytraloi cauhéi o >
L]

Jw‘"”“w.
{&,:i Trong mot hoi thao, thoi gian chay 200 m cia mot nhom cac van dong vien duge ghi lai

L
N

0 bang sau:
Thoi gian (gidy) | [21;21,5) | [21.5;22) | [22;22.5) | [22.5,23) | [23;23.5)
S6 van déng vidn 5 12 32 45 30




Dua vao bang s6 lidu trén, ban to chic mudn chon ta khoang 50% s van dong vieén
chay nhanh nhat dé tiép tuc thi vong 2. Ban t0 ¢hire nén chon cac van dong vién co
thoi gian chay khong qua bao nhiéu giay?

2. T phan vi

§ }i Thai gian luyén tip trong mdt ngay (tinh theo gid) clia mot sb6 van déng vién duoe

| REY

ghi lai & bang sau:

Thot gian luyén tap (gi0) [0;2) [2; 4 [4; 6) [6;8) [8:10)
S6 van dong vién 3 8 12 12 4

Huin luyén vién mudn xic dinh nhém gSm 25% cac van dong vién co s gi0 luyén tap
cao nhat, Hoi hudn luyén vién nén chon cac van dong vien co thoi gian luyén tap tir bao nhiéu
210 trd 1én vao nhom nay?

Trong [, s van déng vién duoc khio satlan=3+ 8+ 12+ 12 + 4 =39,

Golx; x5 ...; Xy la thot gian luyén tap etia 39 van dong vién duroc Xép theo thir tirkhong giam.

Ta co x;, x,, %, € [0; 200 xpan| 2 iy . c [4; 6); %, ... X35 € [6; 8),

Xy ooos Xy € [8; 10). Do d6 d6i voi diy s6 lidux; x,; ...; &, thi

« Tt phan vi thit nhét 1a x,, thude nhom [2; 4);

= T phan vi thit hai 1a x,, thuée nhom [4; 6);

* Tw phan vi thit ba 1a x,; thude nhém [6; 8).

Ta ndi nhém [2; 4) 1a nhém chira t phin vi thi nhat; nhém [4; 6) 14 nhém chira 1 phin vi

thir hai; nhom [6; 8) la nhom chira tir phan v thir ba.

Céng thirc xdc dinh ti phén vi cia mau sé liéu ghép nhom

T phan vi thit hai ctia mau s6 liéu ghép nhém, ki hidu Q,, cting chinh la trung vi ctia mau

56 lidu ghép nhom.

Dé tim tir phan vi tht nhat ctia mau s6 lidu ghép nhém, ki higu Q,, ta thue hign nhw sau:

* Gia st nhém [u,,; u,,, ) chita tit phén vi thiz nhat;

* n,, 14 tin 86 ctia nhém chira tr phén vi thir nhat;

sC=n f50 § +ni 2

leum+ .(Mm+1_um)'

Tuong i, a8 tim tt phan vi thit ba ctia mau sd lidu ghep nhom, ki higu Q,, ta thue hién
nhur sau:

* Gia Sle’ nh{c’vm [; ,, ) chia ti phan vi thi ba;

* 1, la tan 0 ctia nthom chira fir phiin vi thit ba;

sCen Tyt Tl

Khi do :o
&

LI -




Vi du 3. Hiy xac dinh cac tir phan vi cia mau sd lidu trong ﬁ% .
Gidi
Nhéc lai: x; £x, £ ... < x| thoi gian luyén tap cia 39 van dong vién.
Tt phén vi thit hai ctia diy 86 1idu x; x,; ... x5 la x,; € [4;6). Do do tir phan vi thit hai
ctia mau s6 lidu ghép nhém 1a
2.139
———(3+8) 65

— gy 4 (6-d)=Zn5417.
o, = ( )12

Tt phén vi thir nhat ctia diy 86 lidux,; x,; ...; x,, 1ax,, € [2;4). Do dé i phan vi thir nhat
ctia mAu s6 lidu ghép nhém 1
139,
59

_ 4 -
() = 2% 5 (4-2) > 3,6875.
Tt phén vi thit ba ctia diy 6 lidu x; x,; ... x5, la x,; € [6; 8). Do do tir phan vi thit ba clia
mau s6 lidu ghép nhém 14
ﬁ—(3+8+12)
4 169

— 6+ (8—6)=—n 7,042.
& 12 Ga 24

g = K 7 P 4 2 5 ]. o 4 o ; 2 L Ry
Cha y: Neu tie phan vi the & la = (x,+x,,,),trong dox, vax,,  thudc hai nhom lién tiep,

vidunhux, € [u,_ju)vax, ., € [u;u, )thitalay Q =u.

m+1

Vi du 4. Mot hang xe 6 t6 thong ke lai s6 1an gap s ¢6 vé dong co ctia 100 chiée xe cung
loai sau 2 nim sit dung dAu tién & bang sau:

$6 1an gap su ¢b [1;2] [3; 4] [5; 6] [7; 8] [9; 10]
SO xe 1z 33 25 20 5

a) Hiy wdc lwong céae tik phan vi ctia mau s6 lidu ghép nhém trén.
b) M6t nguoi cho rang trong 2 nam st dung dau tién ¢ khoang 25% xe ctia hing ¢
khéng qua 3 1an gip sw ¢b va khoang 25% xe ctia hiing ¢6 khéng it hon 7 1an gip st ¢d.
Nhéan dinh trén ¢o6 hop li khong?

Gidi

a) Do sb 1an gip su ¢6 14 s6 nguyén nén ta hidu chinh lai nhw sau:

Sélangipswed | [0,5:2,9 | [2,5:4.5) | [4.5:6,5 | [6.5:8.5 |[8.5, 10,5
SO xe 17 35 25 20 5

Goi x5 Xy ... X5 14 mau s0 lidu dwoe xEp theo thir tir khdng giam.
T B0 By el B 055 2008 Mg wony Wag & [2055 A5 #op cowy W B [4355 6,502
Kopo vy Xz € [6.05B5)5 % ooy € [B:5510.5).

TR N T - ! .
Tt phan vi thit hai ctia day s ligu x; x,; ...; x, 12 E(x50 + x,,). Dox, € [2,5;4,5) va

x,, € [4,5;6,5) nén tit phin vi thit hai ctia mau s6 lidu ghép nhém 14 Q,=4,5.
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. ~ - . A - ~ Aqen N ]- \ ~ .
T phan vi the nhat ciia day so liux; x,; ... x,, 1 5 (x,; +x,,). Do x,, va x,, thudc nhom
[2,5; 4,5) nén tir phan vi thit nhét ctia mAu s6 lidu ghép nhom 14

1.100

A 197
=25+—4
& 3

. (4,5-2,5)=""wn2,098.
( ) —

Tt phén vi thir ba ctia dily s06 liéu x,; x,; .3 x,, 12 %(x75 + x,). Do x,s € [4,5;6,5) va

x,, € [6,5; 8,5) nén tir phén vi thit ba clia mau 56 lidu ghép nhém 1a 0,=6,5.

b) Do ba diém tit phan vi chia mau s6 lidu thanh bon phan, mdi phan chita 25% s6 luong

cac $6 liéu nén nhin vao bidu dé dudi diy ta thay nhén dinh trén 14 hop 1.

1 2 3 4 5 6 71 8 9 10
Ql Q2 QB

Y nghia ctia tir phén vi cia mau sé liéu ghép nhom

Ba difm i phan vi chia mau s& 1i8u d sap xép theo thit tir khéng giam thanh bdn phin déu nhau,
Gidng nhu véi trung vi, ndi chung khong thé xae dinh chinh xac cic didm t phan vi cta
mau s6 lidu ghép nhém.

B6 ba tit phén vi ciia mau s6 lidu ghép nhom 14 gia tri xap xi cho tit phan vi clia mau 6 lidu
gbe va duge st dung lam gia trj do xu thé trung tAm ctia mau s6 lidu.

Tt phén vj thit nhat va thir ba do xu thé trung tAm ctia nira chrdi (cac dit lidu nhé hon Q,) va

BAI TAP

nita trén (cac dit lidulon hon Q) clia mau s6 lidu.

Mot nguon théng ke la1 thor gian thye hién cac cude goi dién thoai cua nguoir do trong

mot tuan & bang sau:
Thaoi gian _ _ _ . | |
(don vi: giay) [0, 60)] [60; 120) [[120; 180)| [180; 240) [ [240; 300) | [300; 360)
S cudc goi 8 10 7 5 ” )

Hiy wde lwong cac tif phan vi clia mau so6 lidu ghép nhém trén.

Mot phong kham théng k& s& bénh nhan dén kham bénh mdi ngay trong thang 4

nam 2022 & bang sau:
S6 bérth nhin [1;10] [11;20] [21; 30] [31; 40] [41; 50]
S6 ngay 7 8 7 6 2

a) Haly udc luong cac tit phin vi clia mAu s6 lidu ghép nhém trén.
b) Quan li phong kham cho ring ¢é khoang 25% s6 ngay kham ¢é nhiéu hon 35 bénh nhin
dén kham. Nhan dinh trén ¢ hop 1i khdng?

1. Luong thang clia mdt s6 nhén vién mdt vin phong duge ghi lai nhw sau (don vi: triéu dong):

125 | 96 | 1L,7 (12,7 | 10,0 [ 10,0 | 12,2 | 9,8 | 10,9 | 6,7 | 13,6 | 9,2

13,1 |65 107890 [112]132]83 [11,1[119] 8467 138




a) Tim t phn vi ctia diy s6 lidu trén.
b) Téng hop lai diy s6 lidu trén vio bang tin sé ghép nhém theo miu sau:

Luong thang _ _ | |
(triéu ddng) [6: 8) [8; 10) [10; 12) [12; 14)
S6 nhén vién ? 5 5 .

¢) Hily wdc lugng tir phan vi ctia sb lidu & bang tan s6 ghép nhém trén.

2. S6 didm mét cau tha bong 0 ghi dugc trong 20 tran dau duoc cho & bang sau:

25 23 21 13 8 14 15 18 22 11
24 12 14 14 18 ) 8 25 10 11

a) Tim tit phén vi ctia diy s6 lidu trén.
b) Tng hop lai diy s6 lidu trén vao bang tan s6 ghép nhém theo mau sau:

Diém s0 [6;10] [1:15] [16; 20] [21;25]
SH tran 2 2 % ?

¢) Hiy ude lugng tir phan vi ctia b 1idu tir bang tin s6 ghép nhom trén.

3. Kiém tra dién lugng ctia mot sO vién pin tieu do mot héng san xuat thu duoc két qua saw:

DPién lwong : ! . . :
(nghin mAR) [0,9;0,95) | [0,95; 1,0) | [1,0; 1,05) | [1,05; 1,1) | [1,1;1,15)
S6 vién pin 10 20 35 15 5

Hiy uée lrong s6 trung binh, mdt va i phin vi ctia mau s lidu ghép nhém trén.

4. Cén ning ctia mdt s6 lon con mdi sinh thude hai gidng 4 va B duge cho & bidu dd dudi diy
(don vi: kg).

Can nang cila mot so
lon con méi sinh

(S con) A
40
30 28

32

[Lo; L1y [LL;1,2) [1,2;13) [L314 (ke

B Giéng4 M Giéng B

a) Hily so sanh cin ning ctia lon con méi sinh giong 4 va gidng B theo s6 trung binh v trung vi.
b) Hay ude luong tir phan vi thik nhat va thir ba ctia ¢An ning lon con mdi sinh gibng A4 va
clia ¢dn ning lon con mai sinh gidng B.
1



Ban cé biét?

G 16p 10 ching ta d3 duge lam quen véi phan mém GeoGebra d& v& do thi ham 6 bic hai
va v& ba duodng conic. Phian mém GeoGebra con ¢é thé duroe ding dé tinh cae sb dic trung
ctia mAu s6 lidu ghép nhém.

Vi du, @ tinh céc s6 dac trung ctia mau s6 lidu ghép nhém, hiy vio dia chi
https://www.geogebra.org/classic/j6jzvb2n

em s& thay chuong trinh nhu duéi day.

AL 3P @O | X ]| 22| B

Tim cdc ddc trirng cla mau s liéu ghép nhém Két qua
Céc s6 dic trifng Két qui tinh
Bién khodng gid ri (c_|)[[}_ 10, 20, 30, 40, 50, 60. 70,80 ] % % | aas1
. M. 546.67
Bidn thn sé {F)[-ﬁ._ 24,13,12,20,11,12,30 ] g: i::::
Qs 68.54

Khodng gid td | [0.10) | [10.20) | (20,30 | [30.40) | [¢0.50) [50.60];[&0,?0} [70.80)
Tansd | 5 24 13 12 20 2 18 I A0 0 Iy

Bang tan s& gia tri dai dién 3. Tinh ti¥ phén vi:

Gid trf 83i dién %, | Tdn s n, Khoing gidtri | Tinsé | C | Nhom chiGaQy la [20, 30)
5 5 [ [0.10) 5 5 |
15 24 - ' i C Lt
25 13 [10,20) 24 29 || Qo= a4 [' ) J x (af - a¥) < 9913
2 +—— | [20.30) 15 | 32] &
a5 20 b BN, | 12 S
55 11 | [40, 50) | 20 ra
?g ;E [50, 60) 11 a5 Nhdm chilra Qo (tramg vi) 1a [40, 50)
= = [60,70) 12 | a7

fng n= $-C 9 o

[70.80) 30 127 Q= af + [" - ] x (g —n3) =445

_____ Tong |n=127] |
1. Tinh trung binh méu: 2.Tinhmét: Nl chia mdt L 70, 80)
;e MTLERTRE L E M i) Iy =0,y = 30, Mgy = 12,y =0 =10 AMSICUESCHIN|G0, 70)
n
- e — Py oo Q Q
Mot L [2"._—. - Th 1—Iu - |] T Quss a3+ [ . ny ] S
oo [ 30-12 . R
= il + EE e U] w1 =TT
Huéng ddn sir dung:

Nhéip cac dau mut cia moi nhom lan luot tir nhéd dén lén vao 6 “Bién khoang gia tri (C.1)
Nhip tan s6 tuong ting vio 6 “Dién tin s6 (F)”.
Sau khi nhap xong dit 1idu trén, 4n vao it d2 xem céc s6 dic trung.




BAITAP CUOI CHUONGV

CAU HOI TRAC NGHIEM
Chon phuong an dung,

Doanh thu ban hang trong 20 ngay dugc lwa chon ngau nhién ctia mot ctra hing dwoc ghi lai &

béang sau (don vi: triéu dong):

Doanh thu |57 [7,9) [9; 11) [11;13)

[13;15)

S6 ngay 2 6 8 3 1

1. S6 trung binh ctia méu s6 lidu trén thude khoang nao trong cae khoang dudi day?
A.[7,9). B. [9: 11). C. [11; 13). D.[13; 15).

2. Trung vi cia méau s6 lidu trén thude khoang nio trong cac khoang dudi day?
A T7; 9. B. [9; 11). ST D.[13;15).

3. Mbt ctia mAu s6 lidu trén thude khodng nao trong cac khoang dudi day?
A.[7;9). B. [9; 11). C G 13, D.[13;15).

4, Tt phén vi thir nhét ctia méu s lidu trén gin nhat voi gia tri nao trong céc gia tri sau?
A7 B. 7.6. &8 D.8.6.

5. Tt phan vi thit ba ctia mAu s6 lidu trén gan nhat véi gia tri nao trong céc gia tri sau?

A. 10. B. 11. C D. 13.
BAITAPTY LUAN
6. Théng ké diém trung binh mén Toan etia mdt s6 hoe sinh 1p 11 duoe cho & bang sau:
Khoang diem | [6.5:7) | [7:7.5) | [7.5:8) | [8:8.5) | [8.5:9) | [9:9.5 |[9.5;10)
Tén s6 8 10 16 24 13 7 4

Hiy wde luong s6 trung binh, ti phan vi va mét ctia mau sb lidu ghép nhém trén.

7. D& kiém tra thoi gian st dung pin clia chide dién thoai mdi, chi An théng ké thoi gian st dung

dién thoai ctia minh tir lie sac ddy pin cho dén khi hét pin & bang sau;

Thai gian st dung (gio)

[ 93

[9; 11)

(T115)

[13; 15)

[15,17)

So lan

2

5

7

6

3

a) Hiy udc luong thoi gian st dung trung binh tir lue chi An sac day pin dién thoai cho téi

khi hét pin.

b) Chi An choréng ¢6 khoang 25% s6 1an sac dién thoai chi diing duoge dwdi 10 gio. Nhan dinh
cta chi An ¢6 hop li khong?
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8. Téng lrrong mura trong thang 8 do duge tai mot tram quan tric dit tai Viing Tau tir nam 2002

dén nam 2020 duge ghi lai nhw dudi day (don vi: mm):

121,8 158,3 3349 2009 1656 161,5 1943 2207 1898
165,9 165,9 134 Li3 169 189 254 168 250
(Nguon: Tong cuc Théng ké)

2342

a) Xac dinh so trung binh, tit phan vi v mot clia mau so lidu trén.

b) Hoan thién bang tan sd ghép nhém theo mau sau:

Tongluwong mua trong thang 8 mm) | [120;175) | [175;230) | [230;285) | [285;340)

S nim ? ? ! 2

¢) Hay uwde luong sb trung binh, ti phan vi va mbt cia méu 6 1iéu & bang tan sb ghép nhém trén,

9. Bang sau thong ké s6 ca nhidm méi SARS-CoV-2 mdi ngay trong thang 12/2021 tai Viét Nam.

Ngay S6 ca Ngay S ca Ngay S6 ca Ngay S ca
1 15139 9 15 965 17 15 685 25 16 046
2 14295 10 15474 18 16 363 26 15 667
3 14 254 11 16 830 19 16 586 27 15310
4 14 598 12 15264 20 15 420 28 14 866
o) 14927 13 16 035 21 16 806 29 14299
6 1S 21s 14 15 871 22 17 044 30 20 454
7 14 433 I 16 192 23 16 860 31 17 004
8 15223 16 15 720 24 16 633

(Nguon: worldometers.info)
a) Xac dinh s6 trung binh va t phan vi clia mau sb lidu trén. Mau 6 lidu ¢6 bao nhidu gia tri
ngoai 167

b) Hoan thién bang tin sb ghép nhém theo mau sau:

S6 ca (nghim) 14,155 | 15510 | 17185 | [18,5:20) | [20,2L,5

S6 ngay ? ? ? o ?

¢) Hay ude luong s6 trung binh va tir phan vi ctia mau s6 lidu ¢ bang tin sbé ghép nhom trén,
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Bai 1. Tim hiéu ham sé lugng giac
bang phdn mém GeoGebra

MUC TIEU
— Thyre hanh sir dyng phéin mé&m GeoGebra dé v& d6 thi cia ham s lugng gide.
— Diing @6 thj gidi thich tip xéc dinh; tip gié tri; tinh chét chin 1&; tinh tuin hodn; chu ki;
khoing ddng bién, nghich bién clia cic him sb hugng gisc,
— On t4p va minh hoa céc tinh chét 43 hoc vé him 86 lugng gifc.

CHUAN B|
— M4y tinh xdch tay c6 cdi dit phin mém GeoGebra hodc c6 két ndi Internet.
— Méy chiéu hogic man hinh ti vi 1én,
— Thyc hanh trong phdng méy néu céc truémg cb diéu kién,
— Sédch gido khoa Toén 11, tip m{t — bd sach Chén troi sing tao.

HUONG DAN CHUC NANG CUA GEOGEBRA

Pé v& db thi trén GeoGebra ta thirc hién c4c thao téc trén bbn ving sau:
1. Viing chifa céc thanh cfng cy;

2. Vimg hién thj danh séch céc d6i tugng;

3. Vung lam viée: chira dd thj v& duge ciia cac ham sb lwgng gidc;

4. Viing nhip lénh: dé nhip cong thire cdc him sb vi biéu thire.

Vl‘]ng chira cic Hb so Chinh soa Hiér.‘ thi Cae t[l_y’:ihan Eéc ching ct_i Cira s6 Tro gidp _—
thanh cﬁng cu @ !A_ »/ .-1,*; r) {\:J :-_../\ ‘{iv -\\: a:zv ‘%’ ;,
[ |» Hién thi danh sich déi twong¢ » Ving lamviec |
@ f: y=sin(x) Hal

@ g:y=cos(x)

Ving hién thj _ e _ |
danh séch i j><\ m i
Cﬁc déi tqung -£ -5 w ] \XE/

Ving nhap léxh { e EEaaaaRaaan

Hinh 1. Cdc viing lam viéc cla GeoGebra Classic 5



TO CHUC HOAT PONG
Chia 16p thanh c4c nhém, mdi nhém tir 4 dén 8 hoc sinh,
Nhém tradng phin cong cic thanh vién trong nhém thyre hién cic hoat ddng san:

HOAT DQNG 1. V& a8 thi ham sb y =sin x

1. Khéi dong phén mém d4 cai dit trén mdy tinh holic truy cip vio trang web:
https://www.geogebra.org/ d4 sir dyng phién ban online.

2. Cac bude thao tdc trén GeoGebra: _ . _
Nhiép phuong trinh theo ¢t phép y = sin(x) vdo ving 1

nhip énh (Hinh 2). J\ ’\

; . ; P e [ [y R R E
Nhap lénh:y=sin(x)  «* © i
Hinh 2 =

Ta ¢6 ngay db thj ham s6 y = sin x trén viing 1am viée
nhu Hinh 3.

Hinh 3

%‘1 V& d6 thi ham s6 lwong gidc y = cosx trén cling hé tryc toa d6 véi ham s6 y = sinx.

~

O3 GenGenm Dasic 5

Hé s¢ Chinh sira Hidn thi Tac tuy chon Céc céng ey Ciraed Tre gilp

R | BE )Y Tolle) P BN | 0 [0
» Hién thi danh sac ¥ "ni’l]ng Iam viéc

@ F:y=gin(x) | :'%é‘"

@ g:y=cos(zx)]| | | [

J\mm/?(\

-1

Mhap lenh:

Hinh 4

@‘2 V& db thi cac ham s hrgng giéc y = tanx va y = cotx trén cling m§t hé tryc toa dd.

[m]

T Ueolizlara Classiz 3
H& s Chinh sira Hién thj Cac tuy chon Céc céng cu Cirasd Tro giup.

OREN N FRRERNEE

b Hlen thjdanh s¢ * Ving lam vigc
@ f: y—lan[x) | 9‘&{"
® 5:y=cot(x) /

Nhé&p [8nh:

Hinh5



HOAT DONG 2. Ding d6 thi dé giai thich tinh chit céa cic hAm s6 hrong gidc

Vi du
Ham b y=sinx y=CO0S X y=tanx
Tép xac dinh R R R\{g+kﬂ|kez}
Tap gia tri [-1;1] [=1; 1] R
Tinh chin 18 Lé Chan Lé
Chu ki tudn hoan T=2n T=2x T=n
Khoang déng bién trong 0-F1[3m., [ T ’ﬂ]
mot chu ki 719 e (., 2m) ol v
Khoang nghich bién n. 3n (0: 1)
trong mét chu ki ) :

@3 Dung do thi giai thich tap xac dinh; tip gia tri; tinh chat chén 18; tinh tuan hoan; chu ki;
' khoang ddng bién, nghich bién clia ham s6 y = cot .

Bai 2. Dung céng thuc cap s6 nhén
dé du béao dén sd

DU BAO DAN SO VIET NAM DEN NAM 2040

Diin sf
{triu ngwi)
100




MUC TIEU
— Vin dyng cong thic tim sé hang téng quét cia cip s nhan d8 dy béo din sé.
— Tim kiém va sir dung thong tin tir cdc ngudn ¢6 sin dé 1am dy béo.
— Vén dung céc ki niing thdng ké d& t8 chirc, xir i va biéu didn dit lidu.

CHUAN B|
— M4y tinh cim tay hogc méy tinh 3 ban, may tinh bang, miy tinh x4ch tay c cai phin mém
Microsoft Excel.
— Séch gi4o khoa Toén 11, tip mdt — b sach Chén trdi sing tao.

TO CHUC HOAT PONG
Chia lép thanh cic nhém, mdi nhém tiy 4 dén 8 hoc sinh.
Nhém tradng phin céng cdc thinh vién trong nhém thare hién cong viée theo cic bude sau:
1. Tra ciru dén sé Viét Nam & thoi diém hién tai. Vi du: Ndm 2020, dén sb Viét Nam 13
4 = P(1) = 97,34 trigu ngudi.
2. Tra ciru ti 18 phén trim ting dén s6 trung binh hing nim. Vi dy: a% = 1,14%.
(Gia sir t 16 ndy khéng dbi qua céc nim.)
3. Chon nim thit # sau niim hién tai mudn dy bdo dén sb. Vidu: n=5.
4. Vén dyng cong thirc P(n) = A(1 + a%)""' 8 tinh s8 hang thit »n ciia mét clp s6 nhén cb
80 hang dau 13 4 va cdng bdi 1a g = (1 + a%).
Vi du: P(5)=9734(1 + 1,14%)* = 101,86.
5. Lép bang thong ké dy bio dan s6 timg nim tir 2020 dén 2030 theo mau sau:

DU BAO DAN SO VIET NAM PEN NAM 2030

- DAN SO
¥ (tridu ngwi)
2020 97,34
2021 98,45
2022 99,57
2023 100,71
2024 101,86
2025 103,02
2026 104,19
2027 105,38
2028 106,58
2029 107,79
2030 109,02




6. V& bidu d6 doan thing bidu dién dit lidu du bao dén sb theo cac nim.

DU BAO DAN SO VIET NAM
TU NAM 2020 DEN NAM 2030
(ridu ngrdd)
&
110

108 .
/ 102,02
106 107,79
s
104 05,3

/ 104,19
102 / 103,02
100 101,86

100,71
93 57
98,45

96

97,34

94

92

el f g
20200 2021 LU RS 2024 2025 2026 2027 2028 2029 2030 AT

7. Céc nhém bao céo, thuyét trinh, gidi thidu sin phim cia nhém trude 16p.
Cha y:
—C6 the du béo din sO ctia dia phuong, tinh, thanh phd noi dang sinh song d2 ting tinh
thot su va két noi.
— (6 thé yéu cau hoe sinh du bao ddng thoi mdt vai qube gia d& hoe sinh so sanh.
—Hoc sinh ¢o thé trinh bay trén giay A, hodc trinh chiéu.



C
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BANG GIAI THICH THUAT NGU'

Cﬂpsﬂcﬁng

MBbt dity s ma trong 36, k& tir s& hang thit hai,
mdi s6 hang déu bing clia s6 hang
dimg ngay tnrée né va mot s6 khdng dbi.
Cép s6 nhén

M s6 ma trong 46, k& tir 56 hang thit hai
mgc Sgy hang déum‘:ig tichcﬁasg?hagngdzzl’g
ngay truéc né va mét sb khong dbi.

Cép 50 nhén Liti vé han

Cip s6 nhn c6 cong boi ¢ thod mén |g| < 1.

Day sb

L3 ham s8 c6 t8p x4c dinh 13 t4p hop céc
s6 nguyén dwong N* (diy s6 v6 han) hoiic
tip hop {1; 2; 3; ...; m} gbm m s6 nguyén
duong dAu tién (diy sb hitu han).

Pudmg thing song song v6i mit phing
Pudng_ thing khong c6 diém chung voi
mit phiang d6.

DPinh li Thalds trong khéng gian

Ba mit phing d6i mt song song chiin trén
hai cét tuyén bt ki cdc doan thing tong (mg
ti 18,

Dwimg tron lhrgng gide
Duémg tron c6 tAm tgi goe O clia mijt phing
Oy va c6 ban kinh bang 1, cho phép moi
g0c lugng gidc duge bieu dieén bing mét
diém trén dudng tron nay.

Giao tuyén ciia hai mit phiing

Pudmg thing tao béi tit ca cic diém chung
clia hai mét phang phén biét.

Gidi han ciia diy sb

S6 a 12 gidi han ciia ddy 86 (v) néu u_gin
a tuy ¥ khi » dii 16n, nghia 13 |u, — a| nhod
hon mét 36 duong bé tuy v, ké tir 86 hang
nao do6 tré di.

Gidi hgn ciia him s6

86 L 12 gidi han cia ham sb y = f (x) tai
diém x, néu f (x) gin L tuy y khi x (x # x,)
di gén x,, nghia 14 |f (x) — L| nhé hon 86
duong tuy ¥ khi [x — x| nhé hon s6 duong
nio d6 (x £ x,).

Gobe legng gide

Géc quét bdi tia Ox khi né quay quanh
diém O tir vj trf tia Oa ndo 46, theo chidu
ngwge chidu kim ddng hd (chidu dwong)
ho3c cung chidu kim ddng hd (chidu dm)
va dimg lai & vj trd tia Ob nao d6.

H Hai dudng thing chéo nhau

Hai duéng thing khéng cling nim trong

mét mét phiing,

Hai dwdng thing ddng phing

Hai dudng thing cing nim trong mét

mét phang.

Hai dwing thiing song song

Hai dudng thing nim trong cimg mét

mit phing va khéng cé diém chung.

Hai miit phfing song song

Hai miit phiing khéng ¢6 diém chung.

Ham 86 chiin

Him s6 y = £ (x) v6i tip xc dinh D I3

hém s6 chiin néu véimgix € Dtacé—x € D

Vi f(=x)=f(x).

Him 56 18

Ham sb y = £ (x) véi tip xéc djnh D 13

him s6 1& néu véimoix e Dtac6—x e D

vaf(=x) =)

Ham sb lién tye

Mot ham s6 lién tuc tai diém x, néu né c6

gi6i han tai diém x, va gi6i han d6 bing

gié tri ciia ham s6 tai diém x,,

Ham 36 Lirgmg gide

C&chﬂmséy=sinx;y=cosx;y=tanx;

y=cotx.

Ham 56 tuln hoan

Ham sb y = f (x) vai tp xac dinh D 1A

him sé tulin hodn nén tdn tai mét s6 7> 0

sasochovdimoix e Dtacéx+Te Dvi

St D=f&)

Phép chiéu song song

Cho dudng thing / cit mjt phiing (P). Phép

chiéu song song 1én mit phing (Pgr;heo

phurong / bién mdi diém M thinh diém M

trén mjt phing (P) theo quy tic: v dudng

thang qua M, song song hodc tring véi 7,

cit (P) tai diém M. Budng thang 7 dugc

goi 13 phuong chié'ué“mﬁt phiing (P) dugc

£0o1 1a mét phing chicu.

Radian

La mt don vi do gbc. Mot radian 12 55 do

cia goc ¢ tdm dudng tron chan mdt cung

c6 4§ dai béng bén kinh ciia dudng tron.

i {180)
i3



BANG TRA CUU THUAT NGU'

C
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